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ABSTRACT

The study of stochastic differential equations has long been a prominent field of
research, and in the last twenty-five years the theory of rough paths has become an
important tool in this area. This approach gives in particular an elegant framework
to treat SDEs as controlled ordinary differential equations with an irregular driving
path. This thesis first focuses on an approach to controlled ODEs with a driving path
of Holder regularity greater than 1/3, based on the Sewing Bound and appropriate
a priori estimates; the Sewing Bound is a general estimate for functions of two real
variables that is contained in the notorious Sewing Lemma but can be stated on its
own. Then we take the first steps towards the extension of the theory to paths with
arbitrarily low Holder regularity. To do this, we prove some interesting identities
closely related to the algebraic structure of geometric rough paths, particularly
shedding light on the relationship between rough paths and controlled ODEs. In the
last part of the thesis, we use these results to prove the uniqueness of the solution
to the rough difference equation in the general case.
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CHAPTER 1
INTRODUCTION

In recent years, the field of Stochastic (Partial) Differential Equations has expe-
rienced an impressive growth and has emerged as a very popular research area
(see [22] for a detailed historical report). This interest can also be attributed to
the large number of applications that this class of equations has found, notably in
Economics, starting from the Black-Scholes model in [2],[17], and in Physics, with,
for example, the famous KPZ equation introduced in [15], see also [9],[18],[1]. The
specific contribution of the pathwise approach based on rough paths ideas has been
fundamental in the construction of a robust theory for these equations

The pathwise method based on rough paths was pioneered by Terry Lyons [16];
later Massimiliano Gubinelli introduced a new approach to rough integration for
stochastic ODEs, based on the celebrated Sewing Lemma; Martin Hairer understood
then how to extend these ideas to SPDEs and developed the theory of regularity
structures(see [12],[13],[14]), for which he was awarded a Fields Medal in 2014.

This thesis will focus on Davie’s notion of solutions to a rough differential
equations [10], and on the Sewing method to prove existence, uniqueness, a priori
estimates and continuity of the It6-Lyons map (which associates the solution to
the driving rough path). As an illustration, one of the byproducts of the theory
is the construction of integrals of the form

t
I,= / YdX,
0

when X and Y are functions that are continuous but not continuously differentiable.
The interest of this problem becomes evident when we think of X as a Brownian
motion, which is only (almost) 1/2-Hélder continuous. A first answer to this chal-
lenge was given in 1936 in [21] by the so called Young integral, which allows to
consider functions Y € C% X € C? Hélder continuous with exponents a, 8 € (0, 1]
such that o+ 3> 1. Subsequently the theory of rough path and the Sewing Lemma
enabled the extension of the integral for a+ 3 <1(see [16],[11]). This result and the
fundamental notion of controlled paths in [12| are sufficient to build a coherent rough
integration theory which permits to prove, by the usual contraction arguments, the
existence of solution for controlled ODEs with an irregular driving path.

This thesis follows the approach for well-posedness and continuity of the It6-
Lyons map proposed by F. Caravenna, M. Gubinelli and L. Zambotti in their
pedagogical exposition [5] and takes the first steps to extend this work to the case
of a driving path with an arbitrarily low Holder exponent. The results are based
on analytic bounds and on the algebraic properties of rough paths. Therefore the
main focus of the thesis is on the definition, the structure of rough paths and their
relation with the ODEs of interest.



CHAPTER 2

PRELIMINARIES

We will start by introducing some tools that will be used repeatedly in the following.
The main theorem of this section is the Sewing Bound, which is a simple bound
for functions of two real variables that can be stated on its own. This theorem is
fundamental for presenting the results of [5].

2.1. FUNCTION SPACES

Let us define for n > 1 the symplex [0, T|%:={(t1,...,t,): 0<t<---<t, <T}.

On the space C([0,T]<, R¥) of continuous functions f:[0,7] — R* we consider
the usual Holder space. Defining (0f)s::= fi — fs, for 0< s <t < T, we define, for
a € (0,1], the Holder space C* as

C“::{f:[O,T]—JRk: 10f|la= sup |ft—f&|<oo}.

0<s<t<T (t—s)

We can consider a similar structure also for C([0,T]%, R*) and C([0,7]%,R*). Given
any 71 € (0, 00), we define for F € C([0,T|%, R*) and G € C([0, T)%, RF)

Ft| |Gsut|

Fl,,:= sup —l - Gllp,:= sup ——=

[RI I e Gl I Sy o
s<t

and the function spaces

Cf={FeC([0,TIL,R"): [F|,<oc}, Ci:={GeC([0,TI&L,R"): |Gl,<oo}.

2.2. THE SEWING BOUND

LEMMA 2.1. (RIEMANN SUMS) Let us take any R € C([0, T)%, R*) such that
Ry=o(t—s). For any 0<a<b<T let us take any sequence of partitions (Pp)n>0 of
la,b] with vanishing mesh, i.e. lim,_ o |P,|=0. If we define Ip,(R):= Z;#:Pl Ry, .,
we have

lim Ip, (R) =0.

n—oo
Moreover, if Poy={a,b}, we can write

[e o]

Rap=>_ (Ip,(R)—1Ip,,,(R)), 0<a<b<T. (2.1)

n=0
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Proof. For P,={a=t}<---<thp =b}, we can write

il | Rir_in| #Pn
.[ R < R n 4n < max 1—_11} tn _ tn, ,
[Ip,(R)| < ; | it {j1 _____ #P, (t;‘ — tf_l) ; ( J J 1)

which implies |Ip,(R)| — 0 as n— oo, since the sum is finite, Ry =o0(t — s) and
up, (7 —t7_1) =|Pn| tends to 0.

=1,...,

Finally, since limy_,ooIp,(R)=0 and Ip,(R) = Ry for Po={a,b}, we have

Ry = lim (In(R) ~ Iny(R))

N—oo
N-1
= ]\}Enoo nZ:O (Ip,(R) — [Pn+1(R))

[e o]

= (Ip,(R) = Ip, ,(R)),

n=0

which proves (2.1).
0

THEOREM 2.2. (SEWING BOUND) Let us take any R € C([0,T)%, R*) such that
Rsi=o0(t —s). Then, for any né€ (1,00),

| R, < Kyl|l0R]],, where K,:=(1-2"m"1 (2.2)

Proof. Assume ||0R||,, < oo for some n>1, otherwise we are done.
Fix 0<a<b<T. Forn>0 we call P,,:= {t?::a—l—Zin(b—a):Ogng"} the
dyadic partitions of [a,b]. Note that Py is the trivial partition. By (2.1) we can write

[Ra| <Y Ip,(R) = Ip, . (R)]. (2.3)

Now note that if we remove a single point t; from a partition P={to<t;<--- <tn}
we obtain a new partition P and we can write

IP'(R) - I'P(R) = 5Rti—1tit (24)

i+1°
Observe that removing all the points tg;ll, with 0< 5 <2"—1, from P11 we obtain
P, so that by (2.4) we have

on_1

I, (R) = I (B < 3 |6Rpgrgonn]
7=0

lo tojyitasya

< ziorl( =)

2n+1

= 2=~ ISR, (b — a)". (2.5)
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Substituting in (2.3) we get, for 0<a<b<T,
Rul < 2 2-0- 3R]l (b— )"
n=0
(1=2""")7HoR (b —a)"
= KylloR]ly(b—a)",
which proves (2.2). O

2.3. WEIGHTED NORMS

We now define a new norm modifying the usual norm || ||,,, the idea is to to introduce
a weight 7 that will be useful when we want to transform local results in global. In
particular, the idea is to allow the time interval [0,7] to be large, but to take instead
7 >0 small.

DEFINITION 2.3. (WEIGHTED NORMS) Given F € C([0,T]%,R¥) and G C([0,T]%,
R¥), for n,7 € (0,00) we define

—L |Fyl

Fll, == sup 1 _s<r)e , 2.6

1Flr = S0P Locissne G 20
_t Gsutl

Gll,» = sup 1 _s<r1€ Tl—. 2.7

1G], 0<scumte {0<t—s<7} (t—s)" (2.7)

Remark 2.4. Note that when we let 7 tend to infinity we recover the n norm:
tin {|-[J = []- -
T— 00
Remark 2.5. Note that [-||,,- is, in general, not a norm but a seminorm. In case
we have F'={f, then the norm |||, ; is equivalent to |||,

We also define an analogous for the supremum norm.

DEFINITION 2.6. (WEIGHTED SUPREMUM NORM) For f € C([0,T]<, R*) we define

_t
Hf”oo,ﬂ':: Su<p € T|ft|-

0<t<

Remark 2.7. Note that ||| - is equivalent to ||-|| since

T
oo, < l-lloo < €7[|-[loo,r-

2.4. USEFUL BOUNDS

We first need an estimate on the difference of increments of a function.

For v¢: R¥ — R?, we define
Cy ri=sup{|Y(z)|:z € R, |z| < R}. (2.8)
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LEMMA 2.8. (DIFFERENCE OF INCREMENTS) If 1): R¥ — R? is C* with locally Lip-
schitz gradient, then for all x,x',y,y’ € R* with max {|z|, |2|, |y|, |v'|} < R we have

[¥(z) — ¥ (y)] = [¥(=') — ()]
<Cvy.rl(z —y) = (&' = y)| + Cv2g rilz — 2’| + [y — y'[Hz — y]. (2.9)
Proof. For the technical proof refer to [5]. O

We now introduce some useful bounds on weighted norms. First we show an
elementary bound that lets us bound |||/, with ||-|[+y+-

LEMMA 2.9. Let us fir F € C([0,T)%,RF). For all n,n'>0 we have

1F e < (T ATV g, (2.10)
Proof. We have
_t Fstl
Fl,, = sup 1 _s<rle T |
1E][7, I O A (T

_t r | Fy
< sup liger—serre (TAT "l—St,
- ogsgggT o<i-s<rpe 7 ) (t —s)ntn

= (TAD)|Fllgsn,r-
0
Now we show a bound that connects the supremum norms to the Holder norms.

LEMMA 2.10. (SUPREMUM-HOLDER BOUND) For f € C([0,T]<,R¥), n,7 € (0,0),
we have

[ flloo < Sl =T"(10f I, (2.11)

[fllso,r < [fol +3(r AT)M[6f [+ (2.12)

Proof. For any f € C([0,T)<,R¥) and for t € (0,T] we can write

<l + 1= fol =1+ e Il g oo,
We proved (2.11). For (2.12) we consider two cases, t € (0,7 AT| and T <t<T. In
the first we have

<l + e I (e Ao

which implies (2.12). For the second case we define N :=min{n € N:nt >t} >2,
so that % <7. Fori1>0 set ti:ii so that ty=t. We get

N7
+ N t—t; t; f f
- g e et ful
e 7| fil < |f0|+;(t@ ti1)"e le (ti_ti—l)n}
N i
< fol + @ ATY[6F D e 7
=1

N

[fol + (T ATY3f 1y e 70,

i=1
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Since (N — 1)1 <t and T <t, we get NT <2t which implies L >1 0 that

Nr = 27
S(N—i)-L phlily “(N—iL 11— 67% 1
Z e Nt — Z e NT — I g 1 g 3
i=1 (N=i)=0 l—e M 1—€?2

We completed the proof.

O
We now show some bounds for functions that are products of two factors.
LEMMA 2.11. (WEIGHTED BOUNDS) Let n,7 € (0,00). We have
for Fay=gsHy or Fy=gHy  wehave |F|,-<|9lloor||H |y, (2.13)

for Geu=FuHy  we have ||Gllan. <||F|-IHl,;. (2.14)

Proof. If F;,= g:Hg we write

IFllor = sup Lgerserye 7l
) - t—
o 0<s<t<T {o=tmosr) (t—s)"

~L |geHsil
=  sup ljoct—s<rre
0<s<t<T {ostmssr) (t—s)"

| Hist|
< su
< ||9||°°‘0<S<1§<T(t—s)n
= |l gllco,- |1 H l1-

For Fy,= gsHg we observe that we can do the same using the bound e T L eI for
s<t.
If Gyt = FsuHyr we write

_t | Fy H,
Gllans = sup Lpcrserpe s Htlul
0<s<ust<T (t—s)

sup ]l{O<t <r}e G |Fsu||Hm|
—s<1
0<s Su<t<T b (u—8)"(t —u)"

N~ L -

N

N

O

Remark 2.12. There is a natural generalization of (2.14) which follows immedi-
ately. Let us take Ggyy= FyuHyt, 1,7 € (0,00) and g, 12 € (0, 00) such that 1+ ne=1n.
Then we have

1Glnr < NE o 1 H [, - (2.15)

Note that in every bound of this kind only one factor takes the weighted norm.

LEMMA 2.13. (EXTRA WEIGHT) Let 1,7 € (0,00) and 0<7<7. Then if Fyy= g:Hs
or Fyy= g:Hg we have

T
1E .7 < gllocre7 [ H .7 (2.16)
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Proof. For F,= g;Hy we have

—ilgtHst|
Fll,- = sup lpo<i—s<rie 7
Pl = sup Loci-sene (20
T _t |Hg
< Hg||m,T0<ssi§<T1{o<t,s<T<f}e76 T(t|—ss|)n

T
< Nglloo e H 7.

We can do the same for Fy = gsHg since et LemsIT for s<t.

2.5. WEIGHTED SEWING BOUND
We show that the Sewing Bound still holds for the weighted norm.

THEOREM 2.14. (WEIGHTED SEWING BOUND) Let us take R€ C([0,T]%,R¥) such
that Rgy=o0(t —s). Then for any n€ (1,00) and 7 >0 we have

IR, <Ky, ||0R||,»  where  K,:=(1-2"m)"1 (2.17)

Proof. For 0<a<b<T we define

5Rsut|

OR ||y jap) = Sup |

H Hn a2 s,u,tE[a,b] (t - 5)77
s<u<t,s<t

Now we can follow the proof of (2.2) to obtain |Re| < Ky||0R]y,0,5(b—a)". Now

we write

~2 | Ra|
e T—mmM8 —
—a

_b
(b )nge TKnHéRHn,[a,b]gKnHéRHnﬂ"

which permits us to conclude the proof by taking the supremum over 0 <a <b< T,
b—a<rT. O

2.6. DISCRETE SEWING BOUND

We want to give a version of the Sewing Bound for functions defined on a finite set
of points. This will be useful when we will use discretization techniques to prove
existence of solutions. As in the original sewing bound, we will take a function
R=(Rst)s<t, where s,t € T={to<--- <t} CRsuch that R, ,=0,i.e. R vanishes
on consecutive points of T. We will denote with [|-||; the norm ||-||,, restricted to T.
We have the following result.

THEOREM 2.15. (DISCRETE SEWING BOUND) Let us take R = (Rst)s<t, where
s,t€T={tg<- <t} CR such that Ry, ,=0. Then, for anyn€ (1,00), we have

IRy <C,l6R||5 where C,:=2" % (2.18)
n>1

iti+1
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Proof. We want to show that
| Rt < Cyll6R |l (£ — )",

for s,t €T such that s<t. We may write s=ty, t =1+, and we can assume that
m =2, since otherwise s and t are consecutive and Rs=0 by hypothesis.
We consider the partition P={s=t,<--- <tgrm=t}. We note that for some

indexi€{l,...,m—1} we must have t; 41 —t;_1 < 27(;:? , otherwise we observe that
m—1 m—1 Q(t o S)
2t —5) > Zl (tigr—ti1) > Zl =2t ),

which 1s clearly a contradiction.
Similarly to the proof of the Sewing Bound we define Ip(R) := Z:;l Ry, and
we consider a partition P obtained removing t; from P. As in (2.5) we have

72"(t — 5)
[Ip(R) — Iy(R)| < [|I6R][; (G0
Iterating until the partition {s,t}, we get

|Ip(R) — Ryt| < C,||6R |5y (t — s)" where Cn::2nz %<oo for n>1.

n>1

We can conclude since Ip(R) =0 by the assumption Ry, 0.

il



CHAPTER 3
FINITE DIFFERENCE EQUATIONS

We will now introduce the so called controlled ordinary differential equations, which
are the main focus of this thesis. The goal is to give meaning to controlled ODEs
with an irregular driving path. We will follow the approach of [5].

3.1. CONTROLLED DIFFERENTIAL EQUATIONS

Let us first show a classical controlled ODE. Let us fix a time horizon T"> 0, a
path X: [0, 7] — R?Y and a continuous function o: R¥ — R* @ (RY)*
We call a controlled ODE an equation in the form

Z(t)=0(Z(t)X(t), tel0,T],
for a path Z:[0,T] — R% To ease the notation we will write
Zi=0(Z)X,, tel0,T]. (3.1)

When the driving path X is of class C!, the equation (3.1) is well-defined and we
can write the solution Z as

t .
Zt:Zo+/a(Zs)Xsds, teo, 7). (3.2)
0

In general, if we suppose that o(-) is a Lipschitz function, then equation (3.1) is well-
posed and we can find a unique solution Z which is of class C'!, see for example [8].

We want to consider a similar problem, but this time with a driving path X
that is continuous, but not continuously differentiable. In this case equation (3.1)
does not make sense, since the derivative of X appears. We will therefore need to
reformulate (3.1) in order to be meaningful in this new setting.

Supposing X is of class C!, by (3.2) we are able to write that, for 0 < s <t < T,

t . S .
Zi— 72, = Z0+/J(Zu)Xudu—Z0—/ o(Z,) Xudu
0 0
t .
= /U(Zu)Xudu

— o(Z)(Xi— X+ / (0(2)) — 0(2) X, (3.3)

Since u+— o(Z,) and ur X, are continuous and bounded on [0, 7], the last term of
(3.3) is o(t — s), so that (3.3) implies the controlled difference equation

Zy— Zs=0(Zs)(Xe — Xs) +o(t — s), 0<s<t<T. (3.4)

11
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Note that (3.4) is meaningful also for X not continuously differentiable.

We can separate different cases depending on the regularity of X. In particular,
when X € C® is Holder continuous for o € (%, 1], we fall into the Young case. It is
well known in the literature that in this case equation (3.4) is well-posed, refer for
example to [21].

3.2. ROUGH CASE

Much more interesting than the Young case is the so called rough case, which consists
in assuming that the driving path X € C* is Holder continuous but only for o < %

Note that in this case we could take X = B, where B is a path of Brownian motion
which is almost %—Hélder continuous, so that we find ourselves in the classical setting
of Stochastic differential equations (SDE), which is of course of great relevance.

Looking at the difference equation (3.4) we can see that in the rough case exis-
tence of a solution is not guaranteed. Indeed, by taking increments on both sides of
(3.4) we get

NZi—Zs) = 0(0(Zs)( Xy — Xs)) +o(t — s),
which, since §(0Zs) =0 and
5(0(25) (Xt - Xs)) = 5(0(25) (5Xst)

~—

= 0(Zs)0Xst — 0(Zs)0 X5, — 0(Z4) 0 Xt
= 0(Z)6Xut — 0(Za)0 X

~— —

= (U(Zu) - J(Zs )5Xsua

implies
(0(Zy) —0(Z))(Xe— Xu)=o0(t —s), forO<s<u<t<T. (3.5)

It easy to see (for example in [5]) that, when X € C®, the solution Z of (3.4) can
also be at most of class C%, so that the left hand side of (3.5) is at most of order

o((u—s)*(t —u)*) S o((t — s)**) which is not o(t — s) for a < % Therefore (3.4) does
not necessarily admit a solution in the rough case.

3.3. ROUGH DIFFERENCE EQUATION

%,%] We saw that

in the Young case we started from equation (3.1) supposing X € C! and we derived
the equation (3.3), which we rewrite:

Let us suppose for now that X € C* is Holder continuous for o € (

t
Zy— Zy=0(Z)( X — X,) +/ (0(Z) — 0(Z)) Xudu, for 0<s<t<T. (3.6)

The idea now is to expand the right hand side in order to make the integral
O((t — s)3). This way we could do something similar to the Young case and impose
that the integral is only o(t — s).
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Let us assume that o is differentiable and observe that we can write,
for 0<s<u<T,

o(Z0)—0(Z) = / o zyar

Z/VJ Zdr
Z/VJ Xd?“

= Vo(Z)o(Z)(Xu— X,) + / u(VU(ZT)a(ZT)—VU(ZS)U(ZS))erra

which, defining the function oy: R* — R* @ (R?)* ® (RY)* by

: "L foi
09(2):=Vo(z)o(z), or [02(2)]}1:22 azi(z)af(z),
we can rewrite as
0(Z0) = 0(Z2) = oa(Z)(Xum X) + / “(03(2)) — 0a(Z.)) X (3.7)

If we assume that oy is locally Lipschitz, the integral in (3.7) is O((t — s)?), so that,
plugging (3.7) into (3.6), we can write

Zy—Zs=o0(Zs)( Xy — X5) + UQ(ZS)/t(Xu — X)) ® Xudu+ O((t — 5)%). (3.8)
Defining for convenience
xP:=x,-X, X®.= /t(Xu — X,)® Xydu, 0<s<t<T, (3.9)
we can rewrite (3.8) as
Zy— Zy=0(Z)XY + 02(Z)XG + O((t — 5)*), 0<s<t<T.
Now, substituting O((t — s)?) with o(t — s) we obtain a rough difference equation

for ozE(1 ;}

Zy— Zy=0(Z)XW +02(Z)XP +0((t—s)), 0<s<t<T. (3.10)

Notice that we still have a problem since in the definition of X the derivative of
X appears. We will therefore have to use an approximation of the integral
f; (Xy — X5) ® Xudu and this leads to the fundamental notion of rough paths.
In practice we will define the integral as a suitable function, with some intuitive
properties.

3.4. GENERAL ROUGH DIFFERENCE EQUATION

We Want to define a rough difference equation when X € C* is Holder continuous for

o€ ( +1} We can do something similar to the simple case.
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Let us suppose for now that is X of class C''. Let us also set £:=R% and for n>1
E® =R, E*"'=F®---QF, (E)%%:=R, (E)*":=F'®---®E*
ntimes \-__n?r’nes_/

Then we define recursively o,: R¥ — R* ® (E*)®" in the following way:

Mw

0o :=Idgr, (Ont1(2) an (05, 1(2), (3.11)

an+1
and X™): [0, T)Z — E®" such that
. t . .
xX0.=1, xi ;:/ X% @ X, du.

In particular XY =§X. Note that

t prri Tn—1 | .
[XE’Z)]“”“'“:// / X dr, - X7 dry,

and that we will use the contraction rule

d

on@XET = S [on(@)hya X
For fixed Z, € R* we consider the unique Z: [0, 7] — R¥ such that

t
Z,= ZO+/ o(Z) X,ds,  te0,T). (3.12)
0

THEOREM 3.1. We have for 0<s<t<T andn=>=0

n

Z,—=Y " 0l Z) XY =0(|t — s|"*). (3.13)

1=0

Proof. First we prove that

n

Z—=Y 0 Z)XY =

i=0
:/ on1(Zr, 1) Xr"Jr1 Q- @ X, dry - -drpy. (3.14)
t>r1> >TrN41>S

We argue by recurrence on n > 0. For n =0 formula (3.14) reduces to (3.12).

If f:R¥—R™ then

% (2)=X" 0uf(Z) 20 =33 0uJ(Z) o(Z:) Xi. (3.15)

a=1 a=1 i1=1

By (3.15) we have, by recurrence on n,

t
0(Z0) — on(Zs) = / onii(Z) Xodr, 020, (3.16)
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Now suppose we have proved (3.14) for n > 0. Then

n—+1

7= oi(Z) X =

=0

:/ (0n+1(Zrn+1) —0ny1(Zs)) Xrn+1 Q& Xn dry - -drpgq
t>7r1>>rpp1>8

:/ O.n+2(ZTn+2) Xrn+2 X Xh drl o 'drn+2
t>r1>- - >rppo>s
where we have used (3.16). Now (3.13) follows from (3.14). O

Remark 3.2. Note that we also have
o(Zy) — Z Ont1(Zs) Xg?) =O([t — s|"*).
n=0
The case n=0 follows from (3.16) with n=1. By recurrence and by (3.16)
N .
o(Zy) — Z 0i+1(Zs) Xﬁ?
i=0

= / 0n+2(ZTn+1) Xrn+1 Q- ® Xh dry - drp .
t>r1>-->rpp1>8

As in the simple case we want to define X for i € {1,...,n} as functions that
do not depend on X and that mimic the integrals Xg? = f;Xﬁ;l) ® X, du.



CHAPTER 4

ROUGH PATHS

4.1. ROUGH PATHS FOR a € (1/3,1/2]

We first give a definition for the most basic rough path. From the discussion in the
last chapter we understood that in order to make sense of (3.10) we need to define
X = (XM, X®) which mimics the expressions X; — X and fst(Xu — X)) ® X, du and
is meaningful when X is a path of class C* for a € (%, %]

We have no problem in defining XS) = X; — X, but for ng) the situation is
different. Let wus suppose for an instant that X € C' and that
X = f;(Xu — X,) ® X, du. It was first shown in [7] that X satisfies an algebraic
identity called Chen’s relation: for 0 <s<u<t<T

Xg) _ X(2) _ th) _ XS) ® X(l)

SU ut

and that
XGPS - s, X< [t - s

~

Then it feels natural to give the following definition.

DEFINITION 4.1. (ROUGH PATHS a € (3,5 ]) Fiz X:[0,T] - R? of class C* for
a € (%, %} and d € N. We call a d-dimensional a-rough path over X a pair
X = (XW, XP) of functions X1: [0, T)2 — R and XP: [0, T)2 — R*® R such
that, for 0<u<t<T,

xV = X,— X, (4.1)
(2) . w @ (2) 2 _ <@ (1) ) ;
X=X - X, - X, = X,/®X,/, (Chen’s relation)

XIS [ - 8], XIS [t - s[>
We call R a(X) the set of d-dimensional a-rough path over X.

DEFINITION 4.2. (GEOMETRIC ROUGH PATHS) We call RY 4X), the set of
geometric rough paths, the closure of R1.a(X) in Ra.a(X) for a e (%, 1}.

Note that for two smooth paths f, g € C! the integration by parts formula holds:
t t
/ fu)dg(u) = f(t)g(t) — f(s)g(s) — / g(u)d f(u).

This implies

t

/t(f(U) — [(5))dg(u) +/ (9(u) = g(s))d f(u) = (f(t) = f(s))(g(t) = g(s))-

S

16
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We want to highlight rough paths that have a similar property. Let us take
f=X; and g= X;, now for a smooth path X, defining (X, X®) as in (3.9), the
previous relation reads as

(XY + (XP)7 = (X)(xP).
This motivates the following definition.

DEFINITION 4.3. (WEAKLY GEOMETRIC ROUGH PATHS) We call X € R, 4(X)
weakly geometric if

(X)W + (X7 = (XT) (xR
We write X € R7%(X).

LEMMA 4.4. RY 4(X) CRY%H(X).

Proof. Refer to [5] for a proof.
We want now to extend the definition for a > 0 arbitrary small.

4.2. (GENERAL ROUGH PATHS

As we saw in section 3.4 we took some functions X: [0, 7]%2 — E® fori € {1,...,n},
such that

. t . .
XW.=1€eR, Xﬁ@*”::/XﬁQ@XUdu.

In particular X =4§X. Note that

] t r1 Ti—1 ) .
[Xgi)]an...m:/ / / X;L;dri...XflldTl.

As in the simple case we have some analytic bounds on the funtions:
|X§?|,§|t—8|i forie{l,...,n}.

We want to analyze the Chen’s relation in this setting.

4.2.1. Chen’s relation
We define T'((E)) as the space of formal series

120

T((E)):= {Z v vie B% vn>o}.
Then we set
Xoi=» XJeT((E), 0<s<t<T. (4.4)

120
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We have a canonical associative non-commutative product on T'((E)) given by the
natural extension of the tensor product:

i

(Z u’)@(Z vi>:zz w', wi::Z w Qv

i>0 i>0 i>0 §=0

We can write the Chen’s relation in this setting.

PROPOSITION 4.5. (GENERAL CHEN’S RELATION) For X defined in (4.4 ) we have
Xt = Xy @ X O0<s<u<t<T.

Componentwise, this means

XS}:Z XU e Xy for ie{l,...,n}.

ut ’
Jj=0

Proof. This formula is based on the following equality which holds for all
(ri,...,rn) €R™

]l(s<rn<~~~<r1<t):]l(s<7"n<~~~<7"1<t) Z ]l(ri+1<u<ri)+z ]l(u:ri) >

=0 1=1

where we set 7,.1:=s and ro:=t. Since the set {(ry,...,7,) € R™r;=u} has a
n-dimensional Lebesgue measure equal to 0, we can write

("Ma;---a1 a a1
[Xst ]Gz ay — XT’:' . 'XT’1 drl .. .d/rn
s<rp<---<ri<t

n

. ) Q]

— E / Il(7"1-_,_1<u<ri) Xr: : 'Xrl dTl e 'dTn
=0 S<7’"<"'<7’1<t

n

_2 : a Q41 ;i a1

e / XT’:”'XT'Z'JA d/rl-+1 d/]ﬂn/ XriZ...Xrl d/rl drl
i=0 v S<rn<---<rit1<u u<lr;<---<ri<t

n

:Z [Xg?fi)]an---awl [Xg?]ai---al — Z [ngfi) ® Xl(jt):lan- a1
=0

i=0
The proof is complete. O

Remark 4.6. Note that the space
G:= {1+Z v™ U"EV"}
n>1

is a group for the tensor product:
® (1+Zn>1 U")®(1+Zn>1w")=1+zn>l Z:L:()Un_i®wi

o (14>, o) Tl= 1437, 5, u" where (u"),>1 is obtained recursively by

n—1
U= —p" — E VTR Ul
i=1
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4.2.2. General Rough Paths

Motivated by the previous discussion, it is natural to give the following definition
of a general rough path.

DEFINITION 4.7. (ROUGH PATHS a € (—+ i ~]) Fiz X:[0,T] —R? of class C* for
o€ ( +1,i] and d € N. We call a d-dimensional a-rough path over X a family
X= (XD ..., XM) of functions XD: [0, T]%2 — E® such that, for 0<u<t<T and
ie{l,...,n},

XS) = Xt_Xsa (45)
X0 = ZX(Z DeXP,  for ie{l,...,n}, (4.6)
X0 < [_spe (4.7)

We call Ry 4(X) the set of d-dimensional a-rough path over X.

4.2.3. (Weakly) Geometric Rough Paths

Now we want to give a notion of chain rule for general rough paths. We know that in
the simple case geometric rough paths satisfy the chain rule and we want to extend
it to the general case.

We define the space T'((R%)*) as
T(E):= (B =P R) ®-- @ (R)"

n =0 nz d

n times
Then T'((F)) and T(E*) are naturally in duality:

<Z o™, um> = (0™ U™ pem, Uy, € E®™,
(ryon

n=0

We use the following notation: for iy, ...,i,€{1,...,d}
i = e, ® - @ e, € O™

The element e;, ® --- ® e, is interpreted as a word in the alphabet {1,...,d} and
the tensor product becomes a concatenation of words:

(eil Q- - ®ei") ® (ejl R - ®€jm) = (il' . ’ln)(jl . jm) =iy lnJ1 * Jme
We still denote by 1 the empty word. On T'(E*) we define the shuffle product

11 U Wiy g1 g o= E Z'oz(l)' : 'Z'a(ner)a
a~1eSh(n,m)

where Sh(n,m) is the set of permutations 3 € S, 4., of {1,...,n+m} such that

B(l)<--- < pB(n), Bn+1)<---<B(n+m).
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The shuffle product can also be defined recursively: for all v, w € T(E*) and
i,j€{l,...,d}

lwv=ovwl=v, (va) w (wb) = (vwwbd) a+ (vaww) b.
We can now introduce a subset H C G given by

H:={XeG: X,vww)= (X)X w)Vv,weT(RH*)}. (4.8)

H is the set of weakly geometric rough paths in this new setting. See [19] for
details on the algebraic properties of shuffles.

In the general setting we will always work with (weakly) geometric rough paths,
and (4.8) will be one of the main tools.



CHAPTER 5
ROUGH EQUATION FOR a« € (1/3,1 /2]

The goal now is to give results on the well-posedness of a rough difference equation
for the simplest case. We will follow closely [5]. Let us fix a time horizon 7" >0 and
the dimensions d,k € N. We also fix a path X: [0, T] — R? such that X € C® for
a € (%, %}, an a-rough path X = (X(l), X(Q)) over X and a differentiable function
o:RF — RF @ (RY)*.
Since o is differentiable we are able to define

o2 RF-RF @ (RY)*® (RY)* with oy(z):=Vo(z)o(z). (5.1)

We consider the rough difference equation

024 =0(Z)XP + 0o(Z)XP 4 0(t —5),  0<s<t<T, (5.2)

where Z:[0,T] — R” is an unknown path.
We define the remainders ZP and Z1? by

7B =67 — o(Z)XY + 09(2,)X? 78 =657, —o(2)XP, (5.3)

st )
so that a solution of (5.2) is a path Z:[0,7] — R such that
ZB = o(t —s).

We want to show that under certain hypothesis this rough difference equation is
well-posed.

5.1. TAYLOR IDENTITIES FOR a € (1/3,1 /2]
We now introduce two identities that will be a key tool in the following.

LEMMA 5.1. (TAYLOR IDENTITIES « € (%, %]) Let us fix 21, 20 € R¥ and v € R

Ifo: RF—=RF@ (RY)* is C1, and 04 is defined by (5.1) we can write, for 0z:=zo— 21,
0(z9) —0(21) — oa(21)x (5.4)
=Vo(z1)(0z —o(z1)x) + /1[(Va(zl +71102) — Vo(z1))dz]dr,
and :

0(z9) —0(21) —0oa(z1)x = A [(09(21 4 1102) — 09(21) ) x]dry (5.5)

1

+ [ [Vo(z1+7102)(6z — o (z1)x)]dr

1

/
J

Vo(z+ 7“152)(/ [Vo(z+ rgéz)ézx]dm)dh.
0

21
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Proof. A proof can be found in [ 5] and is purely based on computations and on the
relation

0(z9) —0(z1) = /0 [Vo(z1 4+ r1d2)0z]dr;.

5.2. A PRIORI ESTIMATES FOR o € (1/3,1/2]

We want to prove some estimates for a solution of equation (5.2), this will be useful
when later we will be showing the continuity and uniqueness of solution.

We first show a result on the regularity of a solution Z. It turns out that it has
the same regularity as the the driving path X € C.

PROPOSITION 5.2. Let us take Z solution of (5.2) and o € C'. Then we have
ZB e C3* and Z € C*.

Proof. By the definition of a solution we can write

n

0Za=> 0l Z)Xh+o(t—s),

=1

[6Zl < sup {|o(Z)] + loa( Z)HIXE| + XD]) + ot - 5).

0<s<t

so that

We want to show that the constant C:=supo<s<t {|0(Zs)| + |02(Zs)|} is finite. Since
o€, it follows that oy is continuous, therefore it suffices to show that Z is bounded.
Let us fix 0 >0 such that |o(t —s)| <1 for all 0<s<t<T with |t —s|<d. Since
we can write [0,T] as a finite union of intervals [5,t] such that t —5 <6, we will
focus on only one interval of this kind. By the definition of solution we can write

sup | Zi| < |Zs| + |o/(Zs)] sup [X{|+ [o2(Z)| sup [X3|+1 < oo,

te(s, 1] te(s,t] te(s,t]

We proved that Z is bounded, therefore C' < oo. Observe now that we can write
ZR <OXP) +o(t —s).

Since X® € C?*, we conclude that ZP € C3* and Z € C*.
O

We will now show that Zg’} € 03 and we give an explicit bound.

The technique that we will use consists in estimating || 2|5, by the Weighted
Sewing Bound, since for Z solution we have Z [t} =o0(t —s) and 3a> 1. So it makes
sense to look for an expression of 5Zs[zt We have

0L = 23— 23~ 2y,
= 5Zst - 0<ZS)X§%) - 02(ZS)X§§) - 5Zsu + O-<ZS)X§11L) + 02<ZS)X§i)
—0Zu+ 0(Z)XY 4+ 05(2,)XP

= _U(ZS)Xz(th) - UQ(Z )Xg) + 02(ZS)X(2) + U(ZU)X(I) + 02(Zu)Xz(12t)

SU ut

= (0(Z.) = 0(Z))XY) = 0o Z)(XT = XE) = XP) + (02(Z.) — 02(Z,)) X7

ut ut

= (0(Zu) = 0(Z) Xy — 02 Z)0XE) + (02(Zu) — 02(Z,)) X5
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By Chen’s relation (4.2) we have 6X2, =X @ X{)), so we conclude that

ut )
5Zs[?1:]t = (U(ZU) - U(ZS) - 02(ZS)X(1))X(1) + (02(Zu) - UZ(ZS))X(2)

ut ut ut
= BoXW (05(Z,) — 02(Z))XP (5.6)

ut *

THEOREM 5.3. (A PRIORI ESTIMATE « € (1/3,1/2]) Let o and oy be globally
Lipschitz. For Z solution of (5.2) we have ZBle ¢3¢, in particular, for all T>0,

12 s < Kot 167 -+ 12 ). (5.7)

Moreover if T or T is small enough, we have
16Z [la,r +112% |20, < 2(0(Z0) XDl + 02(Zo) [ XP]|2a). (5.8)
Proof. Since 3a>1 and ZE'=o(t — s) we apply the weighted Sewing Bound (2.17)
to write || 2307 < K3a |62 |30, By (5.6) we can write
1029 |30+ < 1B 12, X Wl + 1602(Z) |, X 20 (5.9)
For the last term we observe that
1602(Z)[|ar < [[VO2llol|Z la,r- (5.10)

For the first term we can use (5.5) to rewrite By, from (5.6) as

1 1
B — / (0a(Za 110 Zs) — 03(Z:)) XDy + / Vo(Zat 107Z0) Z 2 dr
0 0

1 T1
—/ Vo (Zs+1107Z5,) (/ (Vo (Zgw+19075,)0 Zs, Xﬁ?]dm)dm.
0 0

Now using (2.14) we get
1Bllz2a,r < (IVoslloo + IV IENNIXDNa16Z [la,r + V0 [locl| 27|20, (5.11)

Plugging (5.10),(5.11) in (5.9) we get (5.7).
Now we wish to bound ||6Z||ar and ||Z?|sa.. We define e:= (1 AT)™ to ease
the mnotation. Observe that we can write Z[f] = JQ(ZS)Xg) + ZS[?] and

s

5ZSt:g(ZS)X$)+ZS[?}, so that we get by (2.13) and (2.10)
120200 < Nl02(2) o 1X e+ 12
Now by (2.11) and (5.7) we can write
128r < 0o Z0)XP 20+ 3290 |67 .

+K30¢h 5.6(10Z | + | 22201 )- (5.12)
Similarly
16Z]la,r < No(Z2) oo, IXVlla+ e 2P 20.r
< 0(Zo)| XD+ 32V |ll0Z [lar + [ 2P 20 r- (5.13)

For e small enough, summing (5.12) and (5.13) we obtain
1

10Z|ar + 12 20.r < o (ZIXD o+ 02 Z0)IXP 20+ 5 (102 |7 + 122 ]| 26.,7).
2

Since by Proposition (5.2) we know [|0Z ||a.»+ || 2% 2a.» < 00, we proved (5.8).
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5.3. UNIQUENESS FOR o € (1/3,1/2]

We will prove uniqueness of solutions of (5.2).

THEOREM 5.4. (UNIQUENESS FOR « € (1/3,1/2]) Let us consider the setting of
equation (5.2). Let us assume that o is C* with locally Lipschitz Hessian V?o. Then
for every zo € R there exists at most one solution Z of (5.2) such that Zy= 2.

Proof. Let us take two solutions Z,Z of (5.2) and define Y =7 — Z,
FATT R

We will show that for >0 small, we have ||Y ||oor < 2|Yo|, which will imply
1Y ||oo,r =0 since Yo= Zy— Zy= 29— 29=0. Therefore we conclude Z = Z.

From (2.11) we know that

1Y [loo,r < [¥0[ + 37%(|0Y [|a 7, (5.14)

so that it will be enough to show that ||0Y ||o,r < c1||Y ||co,r Indeed, by taking T small

we could argue by (5.14) that [|Y ||eo.r < | Y0 +5||5Y||OO7T, which concludes the proof.
We will instead show that for T >0 small enough we have

16Y lar < allY [|oor + 7Y P 20,7 (5.15)
||Y[2]||2a,7' < CBHYHOOJ"’TQHYBHBQ,T (5.16)
Y ¥ ls0,r < CallY [loo,r + 7Y B[54, (5.17)

for ¢;, ¢} depending on Z,7,X, o, but not on T.
Then by substituting repeatedly from bottom to top we will get the desired result.
We need to prove (5.15)-(5.17). Let us first observe, using the notation of ( 2.8),
that by hypothesis

Cy,ri=sup{[¥(2)]: 2 € R*,|z| <max (|| Z|oc, | Z ]| c) } < 00
for v e{Vo,V?0,V30,Vay, V303}, so that we can bound these quantities by
C:=max{Cyr : Y€{Vo,V?0,V30, Vo, V30s}}.
We can prove (5.15) and (5.16) similarly. We observe that
Ve = (0(Z) = o (Z)XG +Y,
Vi = (02(Z) — o Z))XG + Y,
so that by (2.10) and (2.13)

||5Y||oc r S ||0(Z5) - U(Z_S)HOO,THXmHa + TOCHYMHQCV,T
< CHYHoo,THX(l)Ha+TQHY[2}H20¢,T
< C2||Y||oo,7'+7—a||Y[2]||2a,Ta

HYMHQC%,T < ||02(Z5) o2(Z. )HOOTHX ||2a+7—a||y3]||3a7
< CHYHoo,T”X H2a+7'a||Y[3 H3a,T
< C3||Y||OO,T+TG||Y[3]H3a7T-
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We have proved (5.15) and (5.16). For (5.17) we can use the weighted Sewing
Bound to write

Y0, < Kaall0Y P[50,
We will now prove
1Y P lsar < EllY Nloo,r + G 10Y lar + E Y P26, 7. (5.18)
Using (5.15) and (5.16) it is easy to obtain (5.17). Recalling (5.6) we can write

(Bou— BSU)X(l) + (502(Z) - 502( _)) ngt)a

ut

sy Bl =

sut
hence by (2.15)
1Y Plsa,r < 1IB = Bllza,r [IXV o+ 1002(Z) = 602(Z) |, X |20 (5.19)

We need to bound the RHS by linear combinations of [|Y |leo.rs 10Y e Y207
Applying (2.9) we can bound

|502( )su— 002(Z )SU| < C|5YQU| + C{|Y| +|Ya |}|5Z3u|
so that
||502(Z) - 502(Z)||067T< C||5Y||OC,T+C{QHYHOO,’T}H(SZHQ’

For || B — Bl|2a.» we observe that by (5./)

1
B, = VU(ZS)Z[Q]+/ (Vo(Zy+110Zs,) —Vo(Zy))0 Zsudry

su
N

-
Isu

and similarly for Bs,, so that
1
|Byu— Bl < Vo (Z) 22 = Vo (2) 72 + / L6700 — T,ubZoudr.
0
From now on we will use repeatedly the estimate |ab—a'd’'| <|a—a'||b|+|a’| |b—b'|.
We get

Vo (Z) 28 ~Vo(Z)Z3| < IVo(Z) = Vo(Z)|1Z2P) + |Vo(Z)| 125 - Z8)
< ClIZE+ oy,

so that
HVU( )Z 2]—VJ( )Z[2 ||2aT<C||Y||OOT||Z[2||2a7'+0||Y[2 ||2a7'

We can also write, noting that |l < C11]0Z,,],

|Isu5Zsu Isu5Z3u| X |Isu - jsu| |5Zsu| + |jsu||(SZsu - 5Zsu|
< o — Lol [6Zsu] + C11|0Z50) |6V - (5.20)

Now by (2.9) we estimate, for 0 <r; <1,

|Low— Isu| = |(Vo(Zy+110Z) —Vo(Z,) — (Vo (Zy+116Z,) — Vo(Z,)))
< COr|0Yeu| + C{|Ya +710Yo| + [Yal }r1|0Zue].
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Plugging the last bound into (5.20) and using (2.13) and (2.14), we get
1187 = 1Zlaar < (CI6Y s+ 2C 1Y e 6 )67 o+ CUISZ a6 v

We proved that ||B — Bllaa.» and ||602(Z) — 609(Z)||ar so that by (5.19) we can
obtain (5.18), which completes the proof.
0J

5.4. CONTINUITY OF SOLUTION FOR a € (1/3,1/2]

We denote by R, 4 the space of d-dimensional rough paths X= (XM, X)) endowed
with the norm || XW||, + || X®)||2,. We consider the solution map

d: lemed — C¢
(Zo, X) — 7 (5.21)

where Z is the unique solution of (5.2) for ¢ € [0, T starting from Zj.

THEOREM 5.5. (CONTINUITY OF SOLUTION MAP FOR a € (1/3,1/2]) Let 0,09 be
such that

IV [loos V20 |[oe, [P0 [|oo < 00, IVo2lloo, V202 |oo < o0.

Then, for any T >0 and o € (%,%} , the solution map (5.21) is locally Lipschitz.
More explicitly if we consider the starting points Zy, Zo € R® and rough paths

X, X €Rq,q4, and we assume

max { |V ||oo, V0 [|so, [[ V20 [, HV02||_OO, ||V202_||oo} < D, (5.22)
max {|0(Zo)|, |02(Z0)], |0 (Zo)|,|02(Z0)|} < Do, (5.23)
max { || X0, X 20, [XOlas [XP|l20} < M, (5.24)

then, for a suitable T >0 small enough, the corresponding solutions Z,Z of (5.2)
satisfy

Y o+ 1Y+ 1Y P ] i
<Cu Yol + CDG(IXO = X0y + [ XO — X)), (5.25)

where we definedY =7 — Z,YP.= 2P — 714 and C is a constant depending on M.

Proof. Let us fix some notation and bounds we will use throughout the proof. We
use the notations

e = (TAT)",
ar = (IVolleo+[[Volw) M <2D M.
By the a priori estimate (5.8) for e = (17 ANT)® small enough we can write
16Z o+ 12|00 < 4DoM, (5.26)
so that we have

max {[|60(Z) a7, [002(Z)|la.r } Smax {|[Vo |, [Vosllac} 102 |a - <4Docrr - (5.27)
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and by (2.12)
max {||o(Z)]|co.rs [|02(Z) ||co.r } < Do+ 34 Do car < 2D (5.28)

We will also use multiple times the estimate

lab—a'b'| <|a—d'||b] + |a’| |b—b|. (5.29)

We want to show that for € small enough
16 Jlar < enr[]Y lloo,r + 2D XV = XUl + £ [[Y ]|, (5.30)
1Yl < enrllY [loor + 2D0||X® = XO| g0 + ][V H |34, (5.31)

and also that
3] 1) _ W @ _ @ Ly
5||Y ||3a77 < ||Y||OO,T+D0(||X —-X ||a+||X -X ||2a)+||5y||a,r+z||y ||2a7T
(5.32)

Now we can deduce (5.25). Plugging (5.32) into (5.31) we get
1Y Plg0.-< () ‘i‘%HY[Q}HM,n which implies HY[Q]Hgaﬂ-g%(...). Now again plugging
this expression into (5.50), we obtain 1Y [la.r SCarllY Nloor +C"Do([| XV — XD, +
1X® — X@)||4) for some constants Ci; and C'. Now looking back at ||Y'2| o0, we

get, for some constants Cyy and C",
1Y Plla, < CHIY [loo,r + C" Do XD = X[ + [|X®) = X®)3,),
so that putting all together

1Y [loc,r + 116Y o + 1Y P 2ar < CHlIY [l
+C" Do X = X W o + X — X)),

for constants Cyf and C".
Finally, since ||Y ||co.r < |Yo| +3¢|0Y ||a,r, we conclude that for ¢ small

1Y lloo,r +18Y oz + 1Y P l20,r < Cor[¥o] + CDp(|IXD = XD + | XP — XP|).

It remains to prove (5.30)-(5.32).
Observe that 0Yy = 0Zy — 024 = U(ZS)XS) — U(ZS)XQ) - }{9?},80 that by
(2.13),(5.23),(5.24) and (5.29) we have

16Y lla,r < Nlo(Z)lloor XY = XD+ |0(Z) = 0(2) 0, XD la+ [V P r
2D0|| XD — XD+ [|6(2) = 0(2) || oo, eM + || Y] 20,
2D0||X(1)_X(l)Ha+CM||YH00,T+5HY[Q}”ZQ,Tv

/

NN

where in the second line we also used (5.28) and (2.10). We proved (5.30).

Note that we also have Y = 05(Z)X? — 05(Z)XP | s0 that similarly

1Y Pl - < ||02(Z)Hoo,f||_X(2)—X(g)HszHUz(Z)—02(Z)||oo,rHX(2)||za+||Y[3W2a,r
< 2D0||X(2)_X(2)||2a+CM||YHOO,T+5||Y[3]||3a,ra



28 RouGH EQUATION FOR a € (1/3,1/2]

which is exactly (5.31).

Finally we focus on (5.32). Since Y;Lg} =o(t —s) by the definition of solution, by
the weighted Sewing Bound (2.17) we can write

||Y[3} ||30¢,7’ < KBa ||5Y[3] ||3a,’r-

By (5.6) we have 673, =

sut

so that by (5.29) and (2.15) we can write

ut?

and analogously for 621,

1Y lsar < 1B lza.rIXD — XO Ha+IIB B 20 [XD]la.r
11603 Z) o XD = X0+ 002 2) = 50 Z) s 1K (5.33)

We will estimate the for terms in the RHS.
By (5.27), for € small enough,

5K3a||502(Z)||a,THX(2)_X(Q)HZ& < 5K3a4DOCM||X(1)_X(1)Ha
< Dol XV =XVl (5.34)

By (2.8) we have
1002(Z)st = 602(Z)st| < [V O2locl 0¥t + ([ V202l oo Y] + [Yel HOZetl,
so that by (2.16) and T small enough to apply the a priori estimate we get
T
1602(Z) = 602(Z)[la,r < 1IVO2llocllOY [lar + VP02l |2l Y (oo, r 7102 a7
T
< D)oY [lar +2D[Y ||oo, 7102 [|a.-
By (5.2/) and (5.26) we have, for e small enough,
eKs3al|005(Z) = 602(Z) || [ XP] 20
T
<Ko DM Y o,z + 8D DMV | )

1
<§(||Y||oo,f+ ||5Y||a,f)~ (5'35)
Now by (5.4) we have

1
Bs=Voao(Z )Zg} / (Vo (Zs+110Zs) — Vo (Zs))0Zgldr
%,—/ 0
Est N -~ J/
Fst

and similarly for B. Therefore by (5.26), for € small enough, we get

& K| Bl o[ X = XD
<Kl [ VO lool| 22 20, + V20 [l 162 12, ) IIXD = XD
<eKsa(DADM + D(4DoM)?)[|XH — XD,
<D X = X W] (5.36)

Finally we observe that

By~ Ea=(Vo(Z) —Vo(Z)) 25 +Va(Z) (25 - Z5),
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so that by (2.16) and T small enough to apply the a priori estimate (5.26) we get
_ - r
IE = Ell2a,r < [VO(2) = V(2)llooir 7| 2207 + IV [loo| Y] 20,7
T
< D|Y|lwre74DoM + DY #y, . (5.37)
Then we consider Fy;— Fy. By (2.4), for 0<r; <1 we can estimate

|(V0’(Zs + Tl(SZst) — VO'(ZS)) — (VO'(ZS + 7“152315) — VO'(ZS))| |5Zst|
SIVZo[lool0¥el 10Z5t] + VP o max {(1 = w) [Yi] +u[Vi[}|0Z,]?,

and also

N0 (Zs+11021) — N (Z)| 102t — 0 2t < |V || o]0 Zot] |0Yae],

so that applying (2.16) twice for T small enough to apply the a priori estimate (5.26)
we get

IF = Fllaar < 20920 locll8Y llar ¢ 12 s + V20 ollY llcre” 62 1.
< e {SDMDI|Y [lar + (4DoM)?DI|Y [loor }- (5.38)
Putting together (5.37) and (5.38) we get, for e small enough,
eK30||B = Bll2a, [IXW]a.-
<IE = Ellaa,r + 1F = Fll2a,r
<Y N+ 18 ) 1Y P (5.39)

In view of (5.33), summing the estimates (5.3/),(5.35),(5.36) and (5.39) we
finally obtain (5.32). The proof is complete.

O

5.5. EXISTENCE FOR a € (1/3,1/2]

We will first prove local existence. We assume that o, 0y are C* and globally Lip-
schitz. Let us utilize a discretization scheme. We set t; ::%, 1 >0, and for given
Yo € RF we set

Ytia = Yty + J(yti)th)Hl + UQ(yti)X(Q)

titi41?

i>0. (5.40)
We also set, for T:={t;:t,<T}:

D = max{1,[|V0| o |V l0o}

M > max {| XV + [|X®]0}
5ytitj = ytj_yti

16T = sup Iytj—yt;

0<j<i<nT |tj_ti|

A — of )X(1)+0( )X(g)

tit; Yta) Rtia; T 02\ Yt:) e,

Hiyy = 53/t¢tj_‘7(yti)xgt)j-

We have the following estimate:
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LEMMA 5.6. It exists Ty pa > 0 such that, for all T € (0, Tyr.p.o) and
X = (XU X®)eR,q such that M >max {|| XY, + | X2}, we have

loylla < 5M(lo(yo)| + |oa(0)]) (5.41)
oy —All3e Sarpa (lo(yo)| + |oa(yo)]) (5.42)

P’I"OOf. Set Rtitj = 5ytitj — Atitj- By deﬁmtlon Rtit
Discrete Sewing Bound on T so that:

.1 =0, so that we can use the

1
IR||30 < K3a||0R |30, Ksoa=2"Y" —
n>=1

Since 0R=—30A, by (5.6) we can write
5Rtitjtk - _(J(ytj) - U(yti) - UQ(ytj)Xgiti)th)k - (JQ(ytj) - O-(ytj))ngt)k.

J
NG . J/

~5) =5}
Therefore we get
I6R]13 < M (| B3+ 1 BV(E)

We now need to estimate the right hand side. By (5.5) we are able to write:
1 1
Bgi)] = / vo-(yti_f'rl(sytitj)Htitdel —I—/ (UQ(yti_f'Tlcsytitj) - 02(yt¢))X8t)de1
0 0

—/Olva(yti‘F7”15Z/t¢tj)(0(yti+7”15Z/t¢tj) —U(yti))xgt)jdﬁ
= Cyj+F;+ L.

We write for F' and E:

171150 < Vo2l lloy a1 W]l < DMyl

1E]3 < Vo |10y 21X D0 < DM |5y
Now we observe that
< Ry + |0-2(yti)X2(5i2t)j
< [T[IRI3 A+ (Jo2(yo)l + T Voallool 0y I IXP 2] Ity — il
< (T2 Rl3a + M|oa(yo)| +TDM||dy [la]|t; — ti**

|Htitj

Then for C we write
ICN3a < DIH|30 < D(T||R]30+ Mloz(yo)| + TD M||dyl|a)
We finally have
1BPN3 < [C11%+ 1 F11%+ 1 E]l5
< D(Mloa(yo)| + TR |30 + DM (2+T)||y]la)- (5.43)
For BM we have
IBYla <Dloylla-
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Putting together (5.43)and (5.43) we obtain
IRl < KsaDM(M]oa(yo)l +T*||R[5a+ [1+ DM (2+T)]0ylla)
If K3aDMT® < 5, then
1|50 < 2K50D M (M |oa(yo)| + (1 + DM (2+T%)]||0y [la)- (5.44)

=L(y)

So we have by (5.44) and (2.10)

loylla < IRl + 1Al
< T L(y) + (Jo(yo)| + loa(yo)| +2DT*||dy [|a) M.

If 2DMT“<% we get
1oy lla’ < 272 L(y) +2M (|o (yo)| + lo2(yo)]).
Furthermore, looking at L(y), if 2K3,D M|l +DM(2+TC’)]T2“<% we obtain

10y [|a <5M (o (yo)| + |oa2(y0)])

and

L(y) < 2K3aDM{M|os(yo)| +[1+ DM 2+T)5M(|o(yo)| + |o2(y0)])
:=S. (5.45)

We conclude by (5.44) and (5.45) that

16y — A3 = | R]|32 < S~ .p.o (|o(v0)] + loa(vo)]).

THEOREM 5.7. (LOCAL EXISTENCE FOR « € (%,%D Suppose o,09 are C' with

Vol + [|Voallw < +o00.  There exists Typa > 0 such  that,
for all T € (0, Typa) and X = (X, X®) € R,q  such that
M > max {|| XD+ [|XP||20}, there ezists a solution Z of (5.2) on [0,T)] such that
Zo= 2y and

12l <15M (Jo(20)] + |o2(20)])- (5.46)

Proof. Let us define, in the same way of (5.40), the function Z™ on the partition
+oa(Z)X)

titiy1”

Zp, = Z¢+o(ZDXY

i+1 titit1
We can extend Z™ by linear interpolation to a continuous function on [0,T]. Given

ti<s<t<tip1, since o ﬁz%éZﬁml, we can bound for a € (0, 1]

|5Z£t| :( t—s )1—@ |5Zt7:ti+l| < |5Zt7:ti+1| )
(t—s)" t (tisr =)™~ (tigs — )"

it1— b
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It follows by the triangular inequality that
16270 < 3[16Z"a"

Now by (5.41) we can write
162" loe <15M (|0 (20)[ + [o2(20)] )

Let us now focus on Z"™ for n=2™, me&N. The family of functions (Z*")nen is equi-
continuous by (5.46) and equibounded, since Z*" = zy for all m € N, hence by the
Arzela-Ascoli theorem (refer for example to [20],[3]) it is compact in C([0,T], RF).
Let us denote by Z:[0,T] —R* a limit point. By (5./2) we can write

1028 —o(ZHXY - 02(Z0XD| Sarpra clz0)(t— )% Vs<teT, (5.47)

S Y

where ¢(z9) = (|o(yo)| + |o2(yo)|). Letting n=2"— oo we see that (5.47) holds also
with Z in place of Z™ and T:={],, . Tom wn place of T:

1024 —0(Z) X — 09(Z)X P <prpaclzo)(t — )3 Vs<teT.

Since T is dense in [0,T] and Z is continuous, this bound extends to all 0< s <t < T,
so that Z is a solution of (5.2). O

THEOREM 5.8. (GLOBAL EXISTENCE FOR « € (%,%

V0 ||oo+ || Voo|lee <400, then for every zo€ RF and T >0 there is a unique solution
(Zt)te[O,T} of (5.2) such that Zy= z.

Suppose o,04 are C' with
|) Suppose o,

Proof. Let AC0,T] be the set of allue[0,T] such that there is a solution (Z¢)ic[o,u)
to (5.2) such that Zy=zy. By Theorem 5.7 A\ is not empty.

We can show that A is an open subset of [0,T]. Indeed, given ue€ A and a solution
(Z{)tcio,u), by Theorem 5.7 for h small enough there exists a solution (Z{')tciuuth]
with starting point Z,! = 7., so that by a standard pasting procedure we obtain a
solution (Zy)ie[o,u+h], S0 that u+h e A, which implies A is open.

We will show now that A is also closed in [0,T], which will imply A=[0,T], thus
concluding the proof.

Given (up)n C A increasing, we associate solutions Z"=(Z{")te(o,u,)- Then defining
w:=lim,,_ cou, €[0,T] we will showue A. As in Theorem 5.7 we extend Z™ by linear
interpolation to a continuous function on [0,T]|. By the a priori estimate (5.8),
if we fix 7> 0 small enough we have ||62"||a.» < 2(0(Z0)|XWV||o 4 02 Z0) || XP | 20)
for every n € N, which shows that the family of functions (Z")nen 1S equicontin-
uwous. Since Z" =z for every n € N it is also equibounded. Therefore by the Arzela-
Ascoli theorem it is compact and it exists a convergent subsequence Z™ — Z in
C([0,T], RF).

We now only need to show that Z is indeed a solution of (5.2). Using again the
a priori estimate (5.8) in (5.7) we get

|0 25 — J(Z;‘)Xg) — JQ(ZQ)Xg)| < oz)(t —8)3 for all 0<s<t<uy,,

where ¢(zy) = K3a Ca x.02(0(Z) ||X(1) o+ 02(Zo) ||X(2) l|l2a) -
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Fix now 0< s <t <wu and note that u<wu, for large n € N, so that letting n— oo
we get

1074 — 0(Z)XW = 0(Z)XP| < ez)(t — 5)3 forall 0<s<t<u.

By continuity this holds also for t=u, so we conclude that Z = (Z;)ic(0,4) s a solution
of (5.2) with Zy= z.
O



CHAPTER 6

GENERAL ROUGH EQUATION

In this final chapter we present some original results that have as goal the extension
1 .
— ;} for n € N. The main
difficulty of this new setting consists in finding estimates that are similar to the ones
presented in Chapter 5. Indeed, we don’t have a straightforward adaptation of the
Taylor identities (5.4),(5.5) and to get something similar it will be fundamental to
first use an easy and understandable reprentation of ¢; which we defined in (3.11)

and then to use properties of geometric rough paths.

of the theory seen for a € (%, %} to the general case o € (

6.1. GENERAL ROUGH EQUATION

Let us fix a time horizon 7' > 0 and the dimensions d, k € N. We also fix a path
X:[0,T] —R%such that X €C® for a € (%H,%], an a-rough path X= (XM . X™)
over X and a function o: R¥— RF @ (R%)* of class C" L. Since o € C"~! we are able
to define o; for i € {1,...,n} as in (3.11).

Motivated by the discussion of Chapter 3 and 4 we consider the rough difference

equation
n

0Za=Y_ 0i(Z)X +o(t—s), 0<s<t<T, (6.1)

S
i=1

where Z:[0,T] — R* is an unknown path.
We define the remainders Z7 for i € {2,...,n+1} by

i—1
2z =024y 0)(Z)XY), (6.2)

j=1
so that a solution of (5.2) is a path Z:[0,7] — R* such that
Z = ot — s).

The final goal is to show that under certain hypothesis this rough difference equation
is well-posed. In this thesis we will be able to show that the solution is unique under
certain conditions.

34
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6.2. o, AND TREES

We call a rooted tree 7 a graph with a designated vertex, called root, such that there
is a unique path from the root to any other vertex in the tree. |7| indicates the tree
order, i.e. the number of vertices. It is well known, for example from [4], that o,
has a representation as a sum of trees

On= Z alt) T,

I7|=n

where « is the Connes-Moscovici coefficient

7l
afr):= Tlo(T)
and 7! is defined by e!:=1 and
([r1---m))! = (| + -+ |m|+ 1) ml-7l,
while o(7) is defined by o(e):=1 and
k

o([r"-1i*]) = H nil (o (7)™,
i=1
where in the last formula 7, ... 7 are pairwise distinct.

It was also shown in [6] that in the tree representation a number M of edges
coming out from a node indicates a multiplication for the M-th derivative of o and
every terminal node represents a multiplication for . This implies for example that

Vo-o,=0,e, (6.3)

where by ~ we indicate the grafting operation.

Moreover in tree form we have the following formula:
Op=®MN\0,_1, (6.4)

which means that o, is a forest consisting of the trees obtained by attaching a new
edge and vertex to every node of o, _;.

6.3. TAYLOR’S IDENTITIES

We know from (6.4) and (6.3) that for every n € N, 0,1 = e~o, and
Vo-o,=0c,e.

Computing o, for the first values of n we get different trees that have a different
number of branches coming out of the root. This in our notation means a multipli-
cation for a derivative of 0. We will say that all the trees in the expression of o,
that have M branches going out the root are in the “level” M of o,,.
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This way we obtain a recursion on every level. Indeed, to pass from o, to 0,41
we graft e into o, and this means that the only trees of level M of o,,,; are obtained
by grafting e into the root of the level M-1 of ¢, and the level M of ¢,. we can
therefore say that the level M of ¢, is equal to the level M-1 of o, plus e grafted
into the level M of o,,.

More explicitly, looking at the first cases a pattern is clear:

o ]

=\
-y J |

We note that, with [...] being the operation of attaching trees to a common root
we can write:

o3 =0, 0]+ [o],
oy=[o,0,0]+3[0,0,]+ [03]).

Iterating we can guess a formula.

We define for k €N, [,m € N*

1 . (lkmk+ st l1m1)!

C(k,l,m)=

PROPOSITION 6.1. Forn=>2

n—1
:Z Z C(k,l,m)[o]™--07"],

k=1 nLi<...<lg
> mili=n—1

where the sum is over ly, ..., lx,mq,...,mp>1.

Proof.
We proceed by induction. For n =2 we have oy =[01] so that the formula is true.
We suppose that the relation holds for ¢,,. We have:

Opni1 = ONO,

n—1
=2 > Clmenio o]

k=1 Li<...<ly
Yo mili=n—1
where we used the linearity of the grafting operation. We note that in this formula
we have
1 (n—1)!
mel g (D (m

C(k,l,m)=
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by the constraint ) m;l;=n — 1.

Now we observe that if we have a tree 7=[r...74] then e~r is obtained by
grafting e to the root of 7, to 7, to 7 and so on. We get:

on[r...me|=[r...TE@ ]+ [(eT)... K]+ -+ [11... (e ~TL)]

and

mi— 1

e[ =" e | (e )Ty TR A mg [T 1(om7'k)]

We can therefore write

n—1 k
On+l = Z Z C(k,l,m)([al’:k-“dlﬁ“al]—i—z mj[alr:k'“o'lfrlaglj1"'0'17?1]>.
j=1

k=1 li<...<lg
Yo mili=n—1

Now we have

Z C(k,l,m)[o]™ 07" 01] =

— Z (]1(11:1)+]1(11>1))C(k7l7m)[017:k'“0-17?10.1]

+Z Z Ly =1,m= n C(k’+1 (k15 0)s (Mg, oy ) o 20
k=1 ll<...<lk+1
Yo mili=n

- mal e my
= > La-y ;1C(k,l,m)[alk"~--all J.

k=1 Ih<...<lg

> mili=n

For je€{1,...k} we use the fact that
1=1g=k) + LG <ktipr>t40) F LG <k tp=t+1)

and we obtain

C(k,l,m)
lk+1
k+ C(k+17(l/f+17lk7"'7l1)7(17m/€_17"'7m1))

= ﬂ(j k)
li+1

+1(j<k,lj+1>lj+1) C(k—Fl, (lk,...,lj+1,lj,...,l1), (mk,..., 1,mj — 1,...,m1))

mj+1+ 1

+]]‘(j<k7lj+1:lj+1) lj+1c(k7 l7 (mk7 sy My + 17 mj — 17 sy ml))
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and moreover

C(k—l—l,(lk,...,lj—l—l,lj,...,ll),(mk,...,1,mj—1,...,m1)):
= ]l(mj>1)C'(k’+1,(lk,...,lj—l—l,lj,...,ll),(mk,...,l,mj—l,...,ml))+
+]l(mj:1)0(k,(lk,...,lj—i—l,lj_l,...,ll),(mk,...,l,mj_l,...,ml)),

C(k,l,(mk,...,mj+1+1,mj— 1,...,m1):]l(mj>1)C(k,l,(mk,...,mj+1+1,mj—1,...,
mu))

+1(m1:1)0(k — 1, (lk, ey lj+1, lj—17 ey ll), (mk, e, My + 1, ms—q... ,ml)).

Now (denoting lp:=0) we obtain for j=4k or l[j;1>1;+1,m;>1

— k
§ § § mg m;—1 mi] __
C(k’l’m) ]l(]Zk‘ or lj+1>lj+1)l(mj>1)mj[0-lk ”'O-lj+10-ljj '“O-ll ]_
k=1 L<...<lg j=1
> mili=n—1
n—1 k /
_Z Z my, Z My+1bj+1
- C(k+17l7m)[alk all ]]‘(lj+1 l+1 y MG +1= 1) n -
k=1 hi<...<lp+1 j=1
Z.milizn
: z
§ : § : § : Mty
- C kalam O-Zk 0-11 ]l (lj=lj—1+1,m;j=1) n
k=2 Ihi<...<lg j=2
> mili=n
and for j=Fk or [j;1 > +1,m;=1
n—1 k
my mj—1 mi) _
E E C(kJam)E Lj=k or tj41>1+1) Lmy=1ymylog "oy 10, 7 o] =
k=1 hL<...<ly J=1
> mili=n—1
n k I
m L
_ mg my J %]
_§ : E : C(k’l>m)[alk o ]E :]L(lj>lj—1+17mj:1) n
k=2 hi<...<lg 7j=1
> mili=n
Next, for lj+1:lj+ 1,mj >1
k—1
E: E: TgME. .. mi=l om) =
C(k,l,m) L 1 =t;41,m;>1)M;4[07; 014107, o, '] =
k=1 Li<...<lg j=1
Yo mili=n—1
n—1 k—1 I
M )
_ my my gH14+1
_Z Z C(k,l,m)[alk -.~0'll ] ]l(lj+1:lj+17mj+1>1) 0 =
k=2 Ii<...<l 7j=1
> mili=n
n k I
m L
_ mg m1 J %]
_E E C(kalam)[o-lk 0y ] E l(lj:lj71+1,mj>1) n
k=2 h<...<lg 7j=2

> mili=n
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and for ;1 =1+1,m;=1

N

1

E: E: TGk, . mi=l L pm) =
C(kalvm) L0, 1 =t;41,m,=1yM;07; 014107, o] =

k=1 h<...<lg 1
Yo mili=n—1

k
m;l;
—E E C(k,l,m)[op*- o E Lijstyq41,m5>1) o
k=2 I1<...<lg Jj=1

Yo mili=n
Therefore

<.

n—1 k
m;—1 mi
E E C(k,l,mg mg o] $01,410y, o
Jj=1

k=1 h<...<lg
Yo mili=n—1

& k
m mi l l
- Z Z C(k’l’m)[alkk'”all ]<]l(11>1)m; 1+ m;LJ)

k=1 I1<...<lg

Yo mili=n

We therefore conclude:

" k
Opn+1 = Z Z C(kJ’m)[Ulr:k'”UlTl]Z mT]L'lj

k=1 h<...<lg 7j=1

Yo mili=n

=Y > Cllm)oys--o]

k=1 Li<...<l

Yo mili=n

The proof is complete. 0

Note that Proposition 6.1 holds in principle only on the tree structure. Now we
want to give a similar formula that holds for the differential function o,,.

PROPOSITION 6.2. For n > 2, suppose myp+ -+ +my=M, A={a1,...,au},
I'={ij,....0;, .}, and forr€[l,... k],s€[l,...,m,] I} represents the indezxes
relative to the s-th o;. and suppose that every I; is ordered.

Then, if we call C(I) the combinations of the indexes I in the subsets I, main-
taining order in each of the I, we have:

n—1
=> > e (Wit ) (o)

k=1 h<...<lg Anp C([)
> maili=n—1
where the sum is over ly,...,lp,mq,...,mp>1.

Proof.

We proceed by induction. For n=2 we have oo =0,0,(c )Z1 , so that the formula
is true.
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We suppose that the relation holds for o,,. We have:

On+1 — @Oy
n—1
— aj Amy, ay m;+1 ap
=YY S ey end o))l o)
k=1 bL<...<lp Am C(I)
> mili=n—1

where we used the linearity of the grafting operation and the inductive hypothesis.
We note that the grafting operation has two different actions, it can transform a oy,
in 07,41 or add a oy at the end. In both cases we have a new index i, that needs to
be assigned to oy,41 or o7.

We have:

On+1=

n—
=D, 2 2 e
k=1 nLi<..<lx Ami1
> mili=n—1
Z (O-Zk)([lg- .. (Ulk)?gl?- (O'll)azmrH, .. (O'll);fn/ll(a'l)qJVHl

C(I) n

k mp
Am a . apr+1
2 Lttt D (O (00 (O ) iy (0l F ™ (on)n )
p=1 C(I) r=1

SN Y ke

k=1 ll<...<lk A]\/[

> mili=n—1
k
Z 1 (p+1=lpt1) Z Z Ulk [1 (alk)([%“‘nl]: : '(Ulp+1)({l§g,in} (Jll) A, '(O.ll);%l
p=1 C(I) r=1

Now we can isolate two cases, when the lowest term is o; and when it isn’t. We get
for the first case:

n—1
>y Y oo D (@i ()t (o) (o) ()

k=1 UIi<...<lg Ap 41 c()
Zimiliznfl
k
:1)5 L1404
=1
m
- ay Omy, ar Gy mi+1 oM+
(O-lk)lé P (O-lk)llznk P (O-lp‘f'l){fzf,i"} P (0'1)111 P (O-l)finl
C(I) r=1
ll— E aA]WO-u E ﬂ(lp+1—lp+1)
Anm
Mp

Am as . a
Z Z (Jlk)?él- .. (Jlk)[;’lf' .. <0.lp+1)({1}£7in}' .. (0'1)111Z “Ll_ . -(0'1)[?’”{1

Cc(I) r=1
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We observe that renaming the [;’s and the m;’s we have all the tuples [; < --- <l
with 1 <k <n , l;=1, such that Zimili =n and that we also have all the possible
positions of the new index i,,, We can therefore rewrite the last expression as:

DR D (Tt S S G SR S LN e N

k=1 L<...<lg Anr C({Ivijn})
> mili=n

For the other case we do an analogous procedure:

n—1

M+1 ol
§ : E : E : aM-H
k=1 h<... <l A]M+1

Z,miliznfl
+1
Liy>1 Z L, +141,11) ZZ 1)} () ik (1,40 Frr iy (007 (0,)

Cc(I) r=1
+ Z 3%{05

k mp
my. a
100D Liictyn D0 S (005 (00 (01 i 1y ™0
p=1

C(I) r=1
n
M a am, ay” z+1 an
= D Lusuy aer Y (e (o) (o) (o).
k=1 h<...<lg Ang C({I,ijn})
Yo imili=n

Summing the two cases we get:

n
On+1= Z Z Z 6%0'3 Z (O‘lk)? (O'Zk)a7r”]§ (Ull)?llzmi+1. . '(O-ll);?{l'

k=1 h<...<lp Am C({I,Z’jn})
Yo mili=n
The proof is complete. 0

We note that we have a single 0;, only when k=1 and m; =1, and in that case
[y=mn—1, so that we get a term which is equal to Voo, _;.

Now we want to be able to use this representation to split the geometric rough
path of order n in rough paths of lower order, in other words we would like to

prove that o, 1 X" =3 k, <Z(ll - Hle UliX(li)). Here’s an example for

le n
the specific case n=4, k=2, 1 =1,=2
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Example 6.3. ,
As an example we show how the product %(O—QX(Q) ® 0,X?)) can be recovered

from one of the elements of the tree form of o5. Note that below, 3 is the Connes-
Moscovici coefficient of the tree.

’ - “Ulg + 7o+ "
u u u

2 b _d b d b _d\ ~Cigizigi
= E 000l 0:08, 05,0407,0%, + 0.08,05,000%,0%, + 0.0% 0F,0407,05, } X 413121
a,b,c,d

1
2 v a ¢ b _d a ¢ b _d a ¢ b _d
=35 E 0o u{0.0% 05,0403,0%, + 0.05,05,040:,0%, + 0.08,05,0a0%,0%,
a,b,c,d

+6002130§46d05’10f2 + 0.08.0¢ 0400 0k + 008 0§ Dol ol y X iisizin

= QZ a;bau{ (72 1122(0.2)?314 + (02)1113(0.2)?2i4 + (02)1124(02)?2i3 + (02)1314(02)§1i2

+(02)2214(0_2)?li3 + (02)2213( )1114}§§Z4231211
- §Z 62b0_5{(0‘2)1@1i2(02)i3i4}(Xuﬂ?’wll + Xi4i2i3i1 + Xi2i4i3i1 + Xi4i2ili3 _I_ Xi2i4i1i3
a,b
+Xi2i1i4i3)

L v a igiziioi
= 5D Bt {(o2) () P

a,b

1 v a 1211 i41
- 52 agbau{(UQ)ilizx ( )Z3Z4X ! 3}
a,b

where in the second line we used the symmetry of a,b and of c,d.

We want to formalize the passage of the example in which we change the name
of the indexes and we recover the shuffle product on the components of X. This
trick can be summed up in the following proposition.

PROPOSITION 6.4.

Fix k. Fix n,m such that n,m <k, n+m==%k. Fix some z'ndexes 1 <ty < -+ <.
Now consider the permutations iy,.. .1y, such that iy, <--- <ag,, 1, <+ <ip, ., =,
which we call P(iy,...i,). For each permutation i,,...1;, we define h; as the position
of the index i; in i, . .1,.

Then

> i ing = (ke dng)w(in. i), (6.5)
Piy,...i1,)

Proof.
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We will proceed by induction on k.
For k=2, necessarily n=m =1 and we have

Z ihyin, = i1l —+ figiy = GoLis.
Piyity)
Assume that the relation is true for k£ and we want to prove it for k+ 1.
Notice that the index 7 , being the smallest, can only be in position 1 or n+1,

in other words we have 7;, =1 or ¢;,,, =1, otherwise the condition 4;, < --- <4
Uy <+ <y, = 11,,,, would not be satisfied. Therefore we have hy; =14 or hy =1i,41.

n’

So we can differentiate between this two cases:

ST i = > mrdny Jinsr [ Y dnein, |0
P( ) P( )

P(“l"'”k+1) Uge - Upgq Ug- - Up g

= E ihk+1---ih2 Tnt1+ E ihk+1---ih2 11,
P(iyy. 'ilk+1) P( )

Aty o by by g

where in the first term we renamed the indexes.
We now observe that in the first element we sum over the permutations of distinct
indexes 4y, ..., 41,0, 00 - - - Gy € {015+ -5 0y Inga, - - - Gpg1 ) such that 4, <--- <4
Q.0 < -+ <1y,,, and in the second over i, ..., 4, ,, € {i2,...,ik4+1} such that
Uy < v v <y, A, < <i,,, and we can use the inductive hypothesis since we
have k indexes.
We obtain

n? n?

n+1

S i ing = [(iksrine . dng2)w(in. . 01)]inga
Pty ity )

Now if we name v =g 10 . .lnt2, W=ip...l2, @ =1,+1, b=1; We can write:

S i i = [(iksrin - dng2)w(in. . i2)(i1))inga
Py iy )
(i1 - ing2) (ing ) (in. . .i2)])i1
= (vwwbd) a+ (vaww)b
(va) w (wb)

= (’ik+1. . Zn+1)LLI(’Ln . .il),

where we used the definition of the shuffle product.
This proves what we wanted.
O

Note that we can extend this computation to multiple shuffle products, just by
iteration of the product with just two elements.

We now will show how to generalize Example 6.3 to a generic multiplication of
Oy, - --,01,- The idea is to use Proposition 6.4.
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Suppose my+ - +my =M, A={a,...,an }, I ={ij,,...,1;,}, and for r € [1,..., k],
s€[l,...,m,] I} represents the indexes relative to the s-th o; and suppose that every
I} is ordered. We suppose lymy+ -+ +lym;=n and we call C(I) the combinations
of the indexes I in the subsets I;, maintaining order in each of the I} and P(I) the
combinations of the indexes I in the subsets [, maintaining order in each of the I;:.
Suppose that X(™ is the n — th element of a geometric rough path X=(X®, ... X™).
We have:

{Z LS ()5 (o)™ (o) }X“

Anm c(I)
“ a apg
{mk ml Z (9AM Z O-Zk)?%l .. (O-Zk’)]:lk (O-ll) Ymy +1 ( ) }Xll
Ay P(I)
{—|Z aAMO-u O-lk) (glk)‘lf,'f,’j (O.ll)aZm +1 (0-[1);%{1}2 Xihn. . .ihl’
mk my
Apnr £

where in the last line we changed the names of the indexes and where h; is the
position of is in the permutation. Now we can apply (6.5) and get:

{mk ! Z oA oy (Ozk) .. .(alk)fo,’;’. (o), Zml“. oy G%I}Z Xt - -ih

Ay P(I)

1 - . " g
:{WZ O (1) (o) () ) %I}ZXZ ot e,

Anmr P(I)

We conclude by the geometricity of the rough path that

{Z ool Z (ou)rt - - - (alk)?gf. .. (gll)pzm it (all);fnfl}xil...z‘n =

Anr Cc(I)

mi

mg
ml Z aAJW |: (H O-lk)in—lp s 7ian". . 'Z"l1> ® ® (H (O-ll)iL cee ﬂ'kxlk. ’ .Zl) :| )

which corresponds in symbolic form to

! Vgl (TT o 50 T o 5
mv U{(Halkxk ®...0 Hath .

Moreover by symmetry of the shuffle product we can write:

1 | (TT o7 50 T o )
mv O'|:(H0'1kxk X...&Q HO’llxl

. 1 me!...mal oy ) o
Sl A Y Y. (0, XWe . @0, XM)
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where P, ... m, represents the permutation of the multiset my, ..., m; or in other
words the anagrams of a word with N letters where the same letter appears my,...,m;
times. We finally get:

Z GAM Z O'Zk)?%l. . .(O'Zk)?inn}j (Ull) ay m; +1 (Ull) Xt
e
—_ Z O-lan(ljn) ® . ® O-leX(ljl)7

Pmk AAAAA 77L1(ljn7"'7lj1)

which is the desired result.
Using the last result and Proposition 6.2 we have the following theorem.

THEOREM 6.5. Suppose that X= (XU, .. ,X(")) 1s a geometric rough path and o;
is defined as in (3.11). We have

(Ops1—Vo-0,) XM = V—'“ > J[ox® | (6.6)

k=2 ’ (I1,...,l) i=1
Sli=n

Remark 6.6. Observe that we can generalize Theorem 6.6. For some m,n € N we
can write

n

k k
(G~ Vo) X0 = 3" S ] x| (6.7)
=1

k=2 ’ (I1,...,ly) i=
Sli=n
This might seem not completely trivial, but, without entering in the details, by the
recursive nature of o; we can repeat the same computations we did before but now
substituting Vo, to Vo. To visualize better this fact, observe that we can consider
a completely analougous tree structure where this time a number M of edges coming
out from the root indicates a multiplication for the M-th derivative of o,,.

We now have the instruments necessary to state some formulas that have the
goal of reproducing the Taylor identities (5.4),(5.5).

PROPOSITION 6.7. Let us take a geometric rough path X= (X, ... XM and o;
defined in (3.11). We have

n+1

o(z2) —o(21) — Z oi(21) X5 Y (6.8)

=2
1 1 Tr—1
I/ / .. / [VnO'(Zl +7n 5212) — VnO'(Zl)] 5212 X ... ®5212 d?“n e d?“l
0

n+1

+Z VVo z1 R+,
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where R}’;ff; := Ry and

B =4

R[k] k M+ o 52 12 . ®5212+0(21)X(112 ®RM 1 "I’O'k—M(Zl)Xg];iM)@RJ[\g/[ll'

Mterms

Proof. Notice that by simple computations we have
n+1

() —a(z) =Y oi(z)X{5 Y
i—2
1 r1 Tn—1
:/ / . / (V"0 (21 4+1,0212) — V"0(21)] 0212® ... ®z12dry, ... dry

Vo ()2t +Z (Vo) on(1) — s (20))XE + 3 %(H 5212)

k=2 k=2 i=1
To ease the notation we will write dz instead of dz12 and X instead of Xjs.
Now by (6.6) we write

k m
V™o (z1) .
(or41(21) = Vo (1) - ox(21)) XP = E il E H%(%)X(m ;

m=2 (ll ..... lm) =1

Sli=k
so that
Z ((Vo(z1) - on(z1) — opg1(21))XW) —I—Z —2!(21) (H 52)
k=2 Pt Pl
n k m
Vo (2 Vo (2 |
:<Z : H " ) > S L aex®
k=2 =2 m=2 (ll ----- lm) i=1
=k

(Zl)

Let us look at the terms corresponding to ¥ , for a generic M >2. We want to

prove
H5Z—Z Z Hal 21)X R[nH.

.....

We will use induction on M. We see that for M =2 and for n generic we have

52®52—Z Z o1,(z1) l1)®all(21)X(h)

k=2 (I, lz
Zl
n—1 n+1—M
=062 — Y ol(2)XP@o+ Y o)XV w4z
i=1 i=1

—Z o(2) XV @ ap 1 (z)XE-D - —

k=2
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_Z Tn-1)(21) X"V @ 03, _ (1) (21) XF~ (1)
k=n

n—1
j=1

+0(-1)(2) X"V ® (32 — 7 (21)XW)
—z12 ® 0z 4 o(z) X )@ 2 4 At Oy (2) X Vg 22
—212 @62+ 0(z)XW@RM+ .. + (1) (z1) XD )@ R

We now suppose that
Héz—z Z Hal 21)X R["H]

for M'=M — 1 and n’ generic.

We have:
H 0z — Z Z H o1,(z1)X
ji;_’k
M M
:H 0z — Z H a(li)(zl)X(lZ)— Z H o,(z1) X(l
i=1 (I, ly) i=1 (I1, - la)
Sli=n Sli=M
M n+1—M n+1-M
:H 0z — Z 0(2)XV 620 ... @02+ Z (2)XV®6z® ...
i=1 i=1 i=1
n M
_Z Z (Z1)X(1)®H o ()XW — | —
k=M (I, ...,la) i=2
Y li=k—1
n M
_Z Z On+1 M(Zl)X(n+1 M)®H (Zl)X(l)
k=n (l2y ..., Inr) =2
i—oli=k—(n+1-M)
M-1
—zgﬂ M+1] H 0z
i=1
M-1 n—1 M-—1
+0(2) XY @ H 0z — Z Z o1, ()XW 44
i=1 j=M-1 (lg,..., Iv—1) i=1
Sli=j
M-1 M-1 M-1
+0n41 M(Z1)X(n+17M)® 0z — Z oy,

R0z
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_ %Jrl M+1] ® H 5z
i=1
+o(2)XV @Ry 4 -+ oo m(2) XM @ I
=Ry,

Since we fixed generic M, this holds for every M, thus proving the desired result.
O

Note 6.8.

Note that in the formula above every rest R][\lf[] is a tensor product of M terms

and is of class C*, therefore every term in the right hand side of the formula is of
class (D

Remark 6.9. We observe that Proposition (6.7) can be generalized to expressions
with form oy(22) — ox(21) — Z;Z:H aj(zl)X(lé_k) for all k€ {1,...,n—1}. Indeed,
we can write, calling m:=n —k,

n+1
ou(z) —ok(z) — Y oj(z)XE Y

j=k+1

1 1 T —1
:/ / .. / [V™0g(21 4 1 0212) — VM0k(21)] 0212 @ ... @0z12dry, ... dry
0 0

+Vog(z) 20T k]-l—z Vou(z) - oj(z) X
J=1

n

+Z v (Tk; 21 (H 5212> Z aj(zl)X(é_k)

j=k+1

/ / / O'k 21+ Tm (5212) dek(zl)] 0212Q ... Q0z12dr,, ... dr;

+V0'k<21)252+1 Kl +Z VO'k Zl) aj(zl)Xg;

j=2

+Z v Uk ~L (H 5212)

/ / / O'k 21+ Tm (5212) va'k(Zl)] (5212 X ... ®5212 d?“m . dT’l
[n+1—K] v Uk 21
+Vor(z1 212 + Z (H 5212>

n—k
+ (Vou(z1) - 05(z1) - o i(21)XE.

Jj=1
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We can now use (6.7) to write

; d VMo, al
(0ks+j— Vor- o)X = T Z H o XW |,

M=2 (11, ) i=1
Sli=j
which permits us to get analogously to Proposition 6.7:

n+1 '
on(z) —on(zn) = D o(z)XE Y (6.9)
j=k+1

1 T1 Tm—1
:/ / / [V™op(21 4 rm0212) — VM0R(21)] 0212 ® ... @ z12dr, . .. dry
o Jo 0

m+1
VMoi(21) Spmt]
3 Vg

' )
M=1 ’

where again m:=n — k. Note that in this general formula every term in the right
hand side is of class C(m—F+1e,

With similar computations we can found another identity, that is more compact
and has the characteristic of being linear in the remainders zI1. We will use the

notation zM:=¢z.

PROPOSITION 6.10. We have
n+1

0(z9) —0o(21) — Z o(z) XD

1=2
n 1 1 Th—1 k
:Z Z // / Vka(zl%—?“(?zlg)z%]@nJlj(zl)X(lf)drk...drl. (6.10)

k=1 (ly,..., Uk
El¢:n+1

Proof. For convenience we will write 0z := 0212, 2] ::Zﬂ and X:=X15. We proceed
by induction. For n=1 we have:

1
0(23) — 0(21) — 09(2) XY = / Vo (21 +7102)0zdr, — oa(21) XD
0
1
= / Vo (21 +71102)0zdry — Vo (z)o(z) XY
0
1 1
= / VJ(21+T152)52dT1—/ Vo (z+71102)0(2)XWdr,
0 0
1
+/ Vo (2 +7102)0(2)XWdr, — Vo (z)o(z) XY
0
1
= / Vo(z+ 7“152)2[2} dry
0

+/1[Va(21 +7102) — Vo (z1)]o(z1)XWdry
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1
= / Vo (z +7r102) 22 dry
0

1 r1
+/ / V20 (21 +1902)02 @ 0 (21) XWdrodry,
0o Jo

which corresponds exactly to (6.10).
We now suppose the relation is true for n and we prove it for n+1. We have:

n

0(z) —o(z1) — Z o(z)X0-D

1=2

—Z Z // / V’“ (z141702) [l1®H 0y (z1) X( dry. . .dry

By Theorem 6.6 we can write

Opy1(21) XM = —Z Vio(z) Z o1, (2)XW @ ... @0y (2)XW

|
k=1 k! (lZli .l.':lk)
so that we obtain
o(z9) —0(z1) — g(zl)x(iﬂ)
1=2
PP / / / Véo(at i)t H o1,(21)XWdry.. . .dry
k=1 (zi..., 0 Jo 0 e
"\ Vko(z
_Z % Z Jll(Zl)X(ll) R...0 Jlk(zl)x(lk)
k=1 ’ (li;l.i.:,zr,:)

n 1 T1 Thk—1 k
:Z Z / / X / Vo (2 +162) M ® H alj(zl)X(lf)drk. ..dry
0o Jo 0 e

k=1 (I1,...,lx)

Sli=n
n 1 Tk—1
—Z / . / Vo (21 + 102) Z o () XW® . . ® alk(zl)X(lk)drl. cdry
k=170 0 (zi B k)
n 1 Tk—1
+Z / . / VFo (21 +rp2) Z o1, (2)XW @ ... @0y, (2)XWdry. . .dry
k=170 0 (zZlf . i)

n k
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We now look at the last two terms. We have

Z / / Vk (214 102) Z o, ()XW ® .. @0y (2)XWdry. . dry,
k=1

(I, ..l
Yo li=n
n k
S RAICIT i S RPN A
k!
k=1 (I, ..l
> li=n
—Z / / Vk (21 +rpoz) Z o1, ()XW ® ... @0y, (2)XWdr. . .dry
k=1 (I, - lk)
> li=n
n 1 Th_1
—Z Ce VkO'(Zl) Z U[l(Zl)X(ll) ®R...Q alk(zl)X(lk),
k=170 0 (I, k)

which s equal to

n 1 Tk
Z/ / Vo (2 +1rp4102)02 @ Z all(zl)X(ll)@)...®Jlk(zl)X(lk)dT1...dm+1
k=1

which we can reformulate as
L= I)Z Z / / / Vo (z1+762)2 ® H o1, (20) X dry. . .dry.

Looking at the first two terms, for a generic k we have:

Z // / Vk (z14102)2 l1]®H oy, (z1)X Gdry. . . dry

.....

Zl 771
/ / Vk (214 1102) Z all(zl)X(ll) ® ... @0 (2)XWdr,. . .dry.
(1, .. lk)
Yo li=n
Now we write:
k
Y. AelaE)XY = Y a@:)XWe . @y ()XW
(I1, -0k j=2 (1, 5lk)
le:n lelzn
. k
= Z SIn ngld@)H Ulj(zl)X(J)
(2l =2
Sli=n
X k
- Z Tn—yk l(Zl)X(n_zi:2l’)®H Ul](zl)x(l’)
(l2 ..... lk) ]:2
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k

k LN .

= E <Z[n—21 2l —Unfzj’:in(Zl)X("_zi:?ll)) ® | | Olj<21)X(lﬂ)
i=2

Sli=n
k
_ Z [n+1 zfﬂm@Hm 2)X®)
(la, -\ lx) =2
Sli=n
k
=L, Z ZW@H o7,(21) X ")

G j=2

so that the first two terms become
La>1 Z Z / / / Vk (z147102)2 (] ®H oy (z1)X drk. .dr.
j=2

Putting everything together we get

n

o(z9) —o(z1) — Z o(z)X0-D

i=2
=1y,= 1)2 Z / / / Vk (214 7102) 2l ®H 0y (z1) X(ﬂ)drk. ..dry
k=2 (I1,.. .l
Sli=n+1
+1(11>1)Z Z / / / V’“ (214 7102) Al ®H o1,(21) X(ﬂ)drk. c.dry
k=1 (I1,.. .l
S li=n+1
n 1 prr TR_1 k
:Z Z / / / Vo (24 162) 2 @ H o1,(21)XWdry. . .dry,
k=1 (l1,...,l;) 70 /O 0 j=2
Zli—n—f—l
which 1s exactly what we wanted. 0

6.4. A PRIORI ESTIMATES

PROPOSITION 6.11. Let us take Z solution of (6.1) and o € C"~1. Then we have
ZWe i and Z € C*.

Proof. By the definition of a solution we can write

n

0Zu=>Y  0i(Z)Xl+o(t —s),

so that =1

0Zst| < sup {|o(Zs)|+ -+ |0n(ZS)|}Z |X§?| +o(t—s).
0<s<t —

We want to show that the constant C:=supg<s<t {|0(Zs)|+ - +|on(Zs)|} is finite.

Since 0 € C"~1 it follows that o; is continuous for every i € {1,...,n}, therefore it

suffices to show that Z is bounded.
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Let us fix 6 >0 such that |o(t —s)| <
we can write [0,T] as a finite union of

1 for all 0< s <t <T with |t —s|<J. Since
intervals [3,t] such that t — 5 <6, we will

focus on only one interval of this kind. By the definition of solution we can write

sup |72 <
te(s,t]

|Z|+Z|oz ) suplet|+1<oo

tEst

We proved that Z s bounded, therefore C' < oco. Observe now that we can write

ZP) <Y XY +olt -

=2

Now since X9 e C, we conclude that Z!" € C'* and Z € C°.

)

25 < CIXEP |+ oft = 5).

O

We now record a computation that will be useful later. We will find a formula

for 62" We write

sut

- st
=1

Now by using Chen’s relation we get:

DML
i=1

sut

sut

X+ 0i(2)XE)
i=1

ut

+ Z Ui(ZU)XSLit)
i=1

]®X

X0+ oi(Z)XY)

i=1 1=1
= _Z Ui(ZS)XSjt) - Z Ui(ZS)Xg

=1 i=1
n i—1 o ‘

S 2y K e X
i=1 j=1

+Z Ui(ZS)XL(eiZ + Z Ui(ZU)XSt)
=1 =1

Z (Ji(Zu) - 02

i=1

n

2

i=1

n+l—1 7
> BXG

(JZ(ZU) — Ji(

D)X —

Z ZXZ J)®XJ)
=1
Y o

i=1 j=i+1

X(] 7 ®X()
aj<zs>xgz;-f>) o0

(6.11)
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6.5. UNIQUENESS

THEOREM 6.12. (UNIQUENESS) Let X be a path in C®, o€ (nil,ﬂ, let X =

(XD XM be an a-rough path over X, let o be of class C™ with V"o locally

Lipshitz. Then, for every zo € R¥, the rough difference equation (6.1) admits a
unique solution Z such that Zy= 2.

Proof. Define Y :=Z — Z. We want to show that for 7 >0 small we have
1Y |00 <2|Y0|. This will imply, since Zo= Zy, that ||Y||co.-=0, so that Z=Z.
We will show:

||5Y||0m < CIHYHoo,T_FTaHY[Q}H?a,Ta

1Y 2l < callY o+ 72 ¥ g

||Y[n]||na,’r < CnHY ||OO77' + Ta||Y[n+1]||("+1)avT’
||Y[n+1]||(n+1)oc,7' < g1 [[Y oo, + C/n+17'a ||Y[n+1] ||(n+1)ocm (6.12)

for constants c;, C;H_l that may depend on Z,Z,X, but not on 7. We can then
complete the proof. Indeed, by taking T >0 small enough we can write write
1Y U0 200 1]|Y Nloor and by substitution ||Y]|,q.r < 2¢,]|Y ||oo.r and so on
until we get ||0Y ||a.r <2¢1||Y ||oo,r- Then we can observe that by (2.12)

1Y [Joo,r < [Yo 4+ 37(|6Y ||, 7

so that by taking >0 small we get ||Y || r < 2|Y0].
We have:

o= (0(Zs) — o (Z))X + v

st

Y. = (02(2) = 02( Z) X3 + Y,

Ysgtn} = (on(Zs) — Un(ZS))Xg?) + K£n+1}-
This implies, by (2.16) and (2.13),
10Y [lar < lo(Zs) _U(ZS)HOOJHX(l)Ha'f'TaHYmH?a,T

< Y oo XD+ 7Y P20 - <erllV oo + 7Y Pl20,r, (6.13)
and in general for 2<i< n:

HYmHia,T < loi(Zs) _Ui(ZS)Hoo,THX(i)Hm+Ta||Y[i+1}||(i+l)a,T
&Y Nloo, X Plia + 71V 11007
GillY lloo,r + 7Y i 1ya,r (6.14)
We now only need to prove (6.12):

/

NN

HYVH_HHna,T < Cn—l—lHY ||OO,T + C;erlTa||Y[n+1}H(n+1)avT'
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Since (n+1)a>1 and Y, ™ =o(t — s) by the definition of solution, we can use the
weighted Sewing Bound (2.17):

||Y[n+1]||(n+1)oz,7' < K(n—f—l)aH(SY[nJrHH(n-‘rl)a T
In view of the previous bounds (0.13),(6.14), it suffices to prove
HéY[n+1}H(n+1)a7T<6n+1||YHoo7T+C~£zl4)—1 |6 [|a, T"’C ||Y2]H2a e +C ||Y ||7wc a

where the constants 55:11 may depend on 7,7, X, o but not T.

In other words we want to show that ||6Y " ||, 1 1)a.- can be bounded by a linear
combination of ||Y |lcors [|0Y |lar and [|[Y W) iq.- foric{2,...,n}.

By (6.11) we can write

n

SV =3 (BY — BO)XG

su ut
=1

—Z (BY — BINYX®H=D 4 (56,(Z) = 600(Z))su X

ut 2
so that by (2.15)
||5Y[n+1}||(n+l)a,r < Z ||B(i)_B(i)Hia,T||X(n+1ii)||(n+l—i)o¢
+|[00n(Z) _5an(2)||a,7'||x(n)||na- (6.15)
We focus on the last term of (6.15). We will use the notation
O i=sup {|V'or(x)]:2 € RY, |2 | < (| Z ]l V 1 Z 1)} (6.16)
We have, by (2.9),
160(2) = 600(Z) | < CLPNISY llar + CRPH2IY lloo,r HIOZ |

We will now bound the terms Bg} — BS(;) We will use extensively the trivial bound
la@b—a®b|<|a—al®|b|+]a|®|b—10].
We start from BS(Z) — BS(Z). Thanks to Proposition 6.7 we can write

n

BS(Z) =0(Zu) —0(Z) - Z Ui(ZS)XSt_l)
1 T1 Tn—2
:/ / / (V" o (Zg+rn-1024) — V" 0(Z)|0 26, @ ... 0 Zgudrp_1 ... dry
+Z
/ / / V" Yo (Zs+10-107Z5) — V" 10(Z:)] 026, R ... Q0 L dryy 1 ... dry

+Vo(Z, Z["]+Z Ve UR][(}]

M=2
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so that, defining Fy,:= V" Yo(Zs+1,_1024,) — V" o (Z,), we have
BLY — B | <|Vo(Z )Z[n Vo(Z.)ZL)
+Z VVo(Z) Ry = VMo (Z) Ry

1 pr1 Tn—2 _ _ _

+/ / / | Fau0 Zsy @ ... Q0L gy — Fsu0Z 5y @ ... R0 L sy| drpy—1 ... dry. (6.17)

0oJo 0
For the ﬁ'rst term we write, using (0.16),

Vo(Z)Zu) = Vo(Z) 2| < |Vo(Z) - J(Zs)|IZ"]|+|VU( Nz =23

< Oz + e,
and taking the na, T-norm we see that the RHS becomes:
PNY oo 120 e+ CENY -

We now handle the integral term. Note that |F,| < Cin !

We have

Tn-1|0Zsu|, for 0<r,—1< 1.

|Foud Zg @ ... @0 gy — Fos0 2y @ ... R0 2|
HFol [0 250 @ ... @0 Z gy — 625y @ . .. RO Ly,

vV
n—1 terms

< Fow— Fod|0 260 ® . .. ®0 24|
+C " 02010260 ® ... @ 6 Z — 6250 @ ... R0 Zi]. (6.18)

Now by (2.9)

Fou— Fsu
<||(V"10(|Zs+rn15Zsu) Vo (Z)) — (V" o (Zs+1m_1024,) — V" o(Z,))]
<O Iy 1|0Yeu] + CY Yt 1 10Vau| + [Vil}rn 11620
<OV, 110Yeu| + CI{(1 = 1 )Yl + (U470 Yal }rn 16 Zeul.
Therefore we obtain for 0 <r,_1<1:
IF = Fllar < CN0Y [lar 4+ 200V [0 1107 | o (6.19)
Let us look at 0Zsy @ ... & 0Zs — g @ ... R0Zs,. We write, using
la@b—a®b|<|a—al®|b|+]a|®|b—10],

n—1 n—1
H 5Zsu_ H 5Zsu

n—2

I[ 6z

n—2 n—2

H 5Zsu - H 5Zsu

< |0Zgu— 0244 +(0Zs4|

sSu

n—3 n—3
H 5Zsu_ H 5ZSU

+ 07|

n—3
+|5Zsu|{|5ysu| I 6%

}
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Applying recursively the same bound we get
n—i—2

n—1 n—1
H 0 — H 7 e H 67l

Observe that §Y, appears linearly in each term on the RHS. Plugging (6.19) and
(6.20) into (6.18) we get

(6.20)

n—2
< S (670 |6Y,
=0

|FeibZeu®@ ... @0 Zow — Feub Zu @ ... @0 Zul|na,»
(CT Y [l 4+ 2C™NY [oor 16Z | )62 |2

n—2
(n 1) n—i—
16Z11a Y~ I8Z1a10Y [la,-[1621]5~"2

=0

=Y ||5Y||a TII5Z||”‘1+20(" 1Y lloo. 7 162 112

+C)" Z I8Z1GM16Y [lal10Z 2~

=0

We see that the terms ||0Y ||a.r and ||Y ||oo,r appear linearly in the RHS.

It only remains to estimate the term >y, ., |VMo(Z Z) R — VMo (Z) R, Fizing
a generic M we remind that

R[ln} —_ glnl

Su

RU=z"M g5z . ®...06Zu+0(Z)XPDoR U4 . 45, y(Z)XEM g plM

and we observe that R ccon .

We can write
VMo(Z)RY) — VMo (Z)RY]| < |VMo(Z,) — VMo(Z,)|| Ry
+H VMo (Z)|| Ry — Ry
< oy |YS||R£’;]| +C{"™| R} - Ry

When we take the norm on the RHS we get, by (2.13),

CINY oo B o+ O RE — B3|

no,T

We now treat the last term. We have
R - Ry < 120N ©620,®... 06 20— 2 M ©670,0 .06 2 (1)
+Ho(Z)X) @ Ry~ —o(Z)X() @ Ry Y| (2)
+"'+|‘7n—M<ZS)X§Z M)®Rj[\yll_0n—M<ZS)X§Z_M)®RJ[\]leﬂ (M)

We can write

M—-1 M—-1
(1) <[y 125N T 62— T 62

H 02
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Now we can use (6.20) and conclude that

M -2
O A A 1 A DI A LA
=0

[t is clear that every term has order na and we still have linearity in |0Ys,| and
YoM

For (2) and (M) we write

(2) < lo(Z) = o(Z)IIXG IR |+|a<‘> XGNRG=Y = Ry
< COPARDIR T+ oz R - R

(M) < |on-n(Zs) = onm(Z)| KGRy, 1|+|an w(Z)XG IR - Ry
< O, WK R o 2 ||R£2”_1—R}&”ll|.

We can do something similar for the other terms and get:

Rl - Ryj| < Zownx“n Ry

+Z lo(Z) XY | Rl — R (6.21)

We want to show that |R][\Z] — R](H can be bounded by a linear combinations of
|Youl, [0Y0], [0V forie{2,... n}.

Since the base case, |R[f] — R[li” = |5Z£,ﬂ — 5Z£ﬂ| = |5Ysz}| is clearly linear in |5Y3£i}|,
by a simple recursion argument it is clear from (6.21) that also |R][\Z} — R][\Z” can be
bounded by a linear combinations of |Yau|,|0Ysul, |6V, forie{2,... . n}.

Observe that by using (2.13),(2.14) we can show that ||R][\Z} - RJ[\Z]HW,T can be
bounded by a linear combinations of ||Y ||lcor, |0Y |la.r and [|[Y®||s0.r foric{2,...,n}.

Putting everything together, by (6.17), we have shown that |B™ — B™)|| 0. is
bounded by a linear combinations of ||Y |lee.r, [|0Y |la,r and |YWiar fori€{2,...,n}.

Thanks to (6.9) in Remark 6.9, we can do a completely analogous procedure
for all the other terms ||[B®Y) — BW||;o.., and we can state that each of these terms is
bounded by a linear combinations of ||Y |lee.r, [|0Y ||ar and ||V ja.r for j€{2,...,i}.
We can therefore write that

HéY[m_l}”(nJrlaT\Cn+1||YHooT+C~7(zl+1H5YHaT"’C ||Y2]H2a7'+ 4l ||Y ||na7'a

n+1 n+1

which is exactly what we needed to conclude the proof.
O



CHAPTER 7

CONCLUSIONS

In this thesis we have explored an alternative way of solving rough difference equa-
tion, consisting in a completely analytic theory which relies solely on the properties
of rough paths. In Chapter 2, following [5], we have introduced the Sewing Bound
independently from the Sewing Lemma of [12]. Then in Chapter 3 and 4 we focused
on motivating the definition of rough paths and in setting a general rough difference
equation. The outcome gave sense to controlled ODEs with a really irregular driving
path. In Chapter 5, in the same fashion of [5] we stated existence, uniqueness and
continuity of solutions for the simplest rough case. Finally in Chapter 6 we started
the extension of this results for the general case of a driving path with arbitrarily
low Holder regularity. The first step consisted in studying the algebraic properties
of geometric rough paths and their relations with the recursively defined function
on, we first explored a tree representation introduced in [6] and then we used it to
recover some identities needed for the analytic bounds. We managed to use this
results to give a proof of uniqueness for a generic rough equation analogous to the
simple case of [5].

In conclusion, it is clear that the next step would be proving existence and
continuity of the solution in the general case. To do so, we would need a kind of a
priori estimate similar to the simple case, therefore the difficulty relies in formalizing
some identities similar to the ones we found that could help bounding 62"+, The
key could lie again in understanding the algebraic properties of geometric rough
paths.

29
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